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Hsinchu 30013, Taiwan

http://astrobiology.com/2019/11/x-ray-free-electron-laser-imaging-of-enzymes.html

“microcrystals are injected (top, left) and a reaction is 
initiated by blue laser pulses hitting the proteins within 
the crystals (middle, left). The atomic structure of the 
protein (right) is probed during the reaction by the X-ray 
pulses (bottom, left).”

X-ray Free-Electron Laser Imaging Of Enzymes
•Press Release - Source: University of Wisconsin-
Milwaukee, Posted November 18, 2019 1:07 PM

*Photograph adapted from

mailto:ychuang@ee.nthu.edu.tw
http://astrobiology.com/2019/11/x-ray-free-electron-laser-imaging-of-enzymes.html


1. Spontaneous emission – Compton 
scattering/Thompson scattering/undulator radiation

2. Stimulated emission – wave/particle energy 
exchange → laser gain

3. Requirements for FEL Oscillator: buildup time, 
energy spread, emittance, saturation power, etc.

Outlines
Part I – fast-wave (Undulator) FEL

Part II – Slow-wave FEL
Cherenkov, Traveling-wave Tube (TWT), Backward-wave 
Oscillator (BWO), Smith-Purcell FEL
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Part I – Fast-wave (Undulator) FEL
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where                    , with c = speed of light in vacuum.

Parameters in Relativistic Mechanics
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In the relativistic regime

Moving particle
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γ
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cv /≡β

Lorentz factor

Electron momentum: vmmvp 0γ==

Total electron energy:                                      , m0c2 = electron rest energy ~ 0.51 MeV2242
0

2
0 cpcmcm +=γ

In laboratory frame: length L
In electron frame: length L/γ ← Lorentz contraction

Electron mass in motion: m = γm0 , m0 = electron rest mass 9.1×10-31 kg



6

Momentum (P)

Energy (E)

Photon cone
Electron cup

Photon emission

Photon-electron Energy Exchange in Free Space

Energy-momentum diagram of Compton Scattering

Electron Energy: 

2242
0 cpcmE +=

Photon Energy: 

pcE =
m0: electron rest mass
c: light speed in vacuum

Photon absorption

Photon-electron energy exchange is prohibited in a vacuum
unless a third particle exists or is created

requirements: energy conversation &  momentum conservation

2
0cm



7

Compton Scattering

θλ

λ′

Compton Effect )cos1(
0

θλλ −=−′
cm

h
λ: wavelength
h: Planck’s constant
m0: electron rest mass
c: vacuum wave speed
p: momentum

Electron 

photon

Scattered photon 
(3rd particle)

Scattered electron



Thomson Back Scattering: 
Compton scattering with electron energy loss much less than the photon energy

electron λr: radiation wavelength

Backward 
scattered photon λl: laser wavelength

Colliding Laser photon with wavelength λl

c
vz

Given λ = 800 nm (Ti:sapphire laser), γ~γz = 45 (23 MeV beam), λr = 1 Å (hard x-ray!)

Longitudinal Lorentz factor 21
1
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z
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where cvzz /≡β

ef ′ : Doppler shifted laser frequency seen by electron

Double Doppler shift
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Radiation frequency in the lab

24 z

l
r γ

λλ =

Doppler shift seen by an observer in the lab
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Undulator Radiation
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In the electron rest frame, the electron 
sees a “wave” with fields:

BBBE


γβγ =′×=′ ,

uλ

v
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Magnetic field

zu γλ /Virtual photon

Lorentz contracted wavelength

undulator/
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zu γλ / Virtual photon
Electron Rest Frame

Spontaneous Undulator Radiation
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v
Tf γλElectron oscillation frequency

in the electron frame

For                cm, 100 MeV( γz ~ 200), ⇒ λ = 125 nm1~uλ

“Cheap” long-wavelength virtual photon ⇒ expensive short-wavelength photon

electron
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Spontaneous Undulator Radiation
rur
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Nu: number of undulator periods
Lr: spatial radiation length 

(slippage distance)
τ: temporal radiation length
ωr: resonant radiation frequency

Fourier transform of a ωr modulated 
square function 

]}rect[{
τ

ω te ti r ×Fourier Transform
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(Undulator with Nu periods)
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Spectral-energy Lineshape Function
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Spectral energy
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Rectangular function: 
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Fourier transform of a rectangular function

Fourier Transform )(sinc
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ω
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Radiation Spectrum – Fourier transform 
of the temporal pulse
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Assume a planar/linear wiggler with a wiggler field of

Effect of Magnetic field on e− Quiver Motion

A general assumption: a relativistic beam 1>>γ

ku = 2π/λu

Wiggler wavenumber)cos(2)cos(2 tvkcazkca
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u
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In the Electron Rest Frame
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× generates        ,                  generates          ……..ω3,xv ωω ,3, yx Bv


× ω4,zv

x oscillation frequencies: ω, 3ω, 5ω, 7ω, 9ω …..

z oscillation frequencies: 2ω, 4ω, 6ω, 8ω, 6ω …..
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H plane

H plane: the plane defined by θ = π/2

φ x

y
E plane

E plane: the plane defined for a constant φ

θ
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θφθ 2
, sin),,( ∝RS avR

Dipole Radiation Pattern

(γ >> 1)

Dipole radiation pattern 
in the laboratory frame

z

Odd harmonics ω, 3ω, 5ω, …..

All harmonics

Dipole radiation pattern in 
the electron rest frame

Even harmonics 2ω, 4ω, …..

Radiation intensity
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Undulator Radiation Wavelength
Because 
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Undulator radiation wavelength can be tuned by magnetic field B, wiggler 
period λu, and electron energy γ

2

2

2

11
γγ

u

z

a+
= where 
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A Free-electron Laser Oscillator
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Pulse Structure of a RF Linac-driven FEL Oscillator
micropulses

macropulse macropulse macropulse

RF period TRF

* Macropulse length > laser buildup time

Taking SLAC S-band RF as an example:
1. RF frequency = 2.856 GHz
2. Micropulse length ~ 10 ps
3. Macropulse length: 1-5 µs
4. Macropulse repetition rate: 10-100 Hz
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Oscillation condition: 0
2

0 EeeE ccth LLgj =−− αφ

gthLc: 1-way threshold gain, 2αLc: roundtrip loss, φ = roundtrip phase

α2=thg(1) Threshold condition: gain = loss πφ m2=(2) Phase condition:

2Lc/c = mTRF
Cavity roundtrip time
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0
///

<⋅=⋅=∆ ∫∫ =
dtvEedtvFW

vLτ



Electron-Wave Energy Exchange

Wave Amplification

0
///

>⋅=∆ ∫ =
dtvEeW

vLτ


Particle Acceleration

dtvEeW
vL∫ = ⊥⊥ ⋅=∆

///τ


Transverse Coupling
(Eg. Compton/Thomson/undulator 
radiation etc.)

dtvEeW
vL∫ =

⋅=∆
/// ////τ

Longitudinal Coupling
(Eg. Smith-Purcell radiator, 
Traveling wave tube, backward-wave 
oscillator etc.)

Eve
dt
dK 

⋅= K: electron kinetic energy

v//: axial velocity
L: longitudinal length
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To have FEL gain

0
/

<⋅=∆ ∫ =
dtvEeW

zu vLτ


uL is the length of the undulator

0)( =−− zukkk β 1/ 0 >≡ cvzzβ Impossible in vacuum

0)( =+− zukkk β u
ua λ

γ
λ 2

2

2
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= The FEL synchronism condition

dtvE
zu vL∫ =

⋅
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To have appreciable value in 

Whether 0>⋅vE 
(radiation) or 0<⋅vE 

(particle acceleration) depends on φ

Resonant Interaction between Electron and Field

For )cos(0 φω +−= tkvtEE zx and )cos(2 0 tvkac
zu

u
x γ

ν −
=

}])(cos{[}])(cos{[ φβφβ +−−+++−∝⋅ ctkkkctkkkvE zuzu


Ψ:pondermotive phase



20

Undulator Light Amplification 
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Light amplification

dtvEeW
vL∫ = ⊥⊥ ⋅=∆

///τ
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light slips one wavelength 
ahead per wiggler period

− Electron trajectory
… light field amplitude
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Pendulum Equation
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The pondermotive (beat) phase 

was previously found from the beam-wave energy coupling equation

tzkk u ωψ −+= )(

power loss of an electron = time rate change of electron’s kinetic energy

Take first derivative of ψ with respect to z and use the FEL synchronism 
condition                                to obtain

r
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A second derivative to the beat phase with respect to z gives the 

pendulum equation

where

ψψ
ψ sin2
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dz
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2

0
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2 22
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ψ
ψ

π
γ Lc

EB
cm

ek rms

r

Particles oscillate, drift in the 
pondermotive phase . 

Lψ: synchrotron oscillation 
wavelength

x
dt

xd 2
02

2

ω−=

Recall the harmonic oscillator equation

http://hyperphysics.phy-
astr.gsu.edu/hbase/oscda.html

For a small Ψ, ψψ
ψ
2

2

2

~ k
dz
d

−



With the definition of kψ,, the phase diagram can be plot from 

r
ukk
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d

γ
γψψ

ψ
∆

=+±= 21cos2

The bucket height = 4 kψ, and the 
maximum energy extraction occurs 
at half synchrotron wavelength:   FEL 
length is ~Lψ/2

The maximum energy efficiency for an FEL = )2/(1
max

u
r

N=






 ∆
γ
γ

23

http://en.wikipedia.org/wiki/Pendulum

ψψ
ψ sin2

2

2

k
dz
d

−=

pendulum equation

Ψ
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micropulses

macropulse macropulse macropulse

RF period TRF

2Lc/c = mTRF

* Macropulse length > laser buildup time

FEL Buildup Time τB

[ ] ccL
B

cc LgL
sp

w
b eP

N
P

/2
)2(

2
1

τ

α−×=







×

Beam power Spontaneous radiation power

)2/(1
max

w
r

N=






 ∆
γ
γ

# of roundtrips

Roundtrip net gainSaturation power 

τM

τM > τB
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FEL Gain
To have gain

0
/

<⋅=∆ ∫ =
dtvEeW

zu vLτ


uL is the length of the undulator

cgL

i

if e
W

WW
G =

−
=

For )cos(0 φω +−= tkvtEE zx and )cos(2 tvkca
zu

u
x γ

ν −
=

whether 0>⋅vE 
(radiation) or 0<⋅vE 

(particle acceleration) depends on φ

•Gain is small for short wavelength 
FEL

•Electron injection energy has to be 
detuned from synchronism (slightly 
larger)

•Gain is proportional to injection 
current

•Energy spread can’t exceed  
where Nu is the number of wiggler     
periods

uN2
1

<
∆
γ
γ

Ψ

FE
L 

ga
in

 (a
.u

.)
2π

Ψ = 2.6

Stimulated photon 
emission

Photon 
absorption
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Energy Spread Requirement

πωπω 2)]([2])([
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zz

u
zu Lkk

vv
Lvkk

Refer to the FEL gain curve, for an electron to contribute its 
energy to the FEL gain, the acceptance phase width has to be 
confined to 2π or

So, the energy spread of the electron beam for an FEL has to be less than 1/(2Nu) 

Ψ
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L 
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 c
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ffi
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en

t

2πur
u

r
uu N

LkL
dz
d

2
122 <

∆
⇒<

∆
=⇒

γ
γπ

γ
γψ

where Nu is the number of undulator periods

* This result is already known from the bucket height.



Emittance Requirement for an FEL

x′

x

Area of particles in the angle-
position space = emittance ε

An Electron Beam
The phase (angle-position) 
space area of electrons is 
called the beam’s geometric 
emittance ε

To place an electron beam 
Inside an optical beam

λε <

Therefore long-wavelength FEL is 
more forgiving to electron-beam quality

A Gaussian Laser Beam

λ
π 2

0
,

wz Ro =

x z

Rayleigh range 

Far-field diffraction angle = 
Rz

w0~θ

The phase space (angle and laser 
beam size) area is λθπ ~0w××

27
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FEL Gain Bandwidth

πωτ <+−=Ω=∆Ψ
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Lvkk ])([

From the FEL synchronism condition                        , it is straightforward to show2
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=

γ
γ

λ
λ ∆
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∆ 2

The spectral bandwidth is defined by the variation of the spectral ratio 

within the half width of the gain curve
ω
ω

λ
λ ∆
=

∆

However the maximum allowed ∆γ/γ < 1/(2Nw) is obtained from the full width. For a 
half width

uu NN 2
1

2
1

2
122 =××<

∆
=

∆
γ
γ

λ
λ
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Characteristics of an Undulator FEL

1. Laser: a coherent light source

2.  Wavelength tunable:
by varying the magnetic field and the electron energy

3. High peak power: GW-MW in 0.1~ 10 psec micropulse

4. High average power: kW in > ~ µsec macropulse

General Requirements for Building an FEL Oscillator

Gain > loss

In particular
i. Electron energy spread ∆γ/γ < 1/2Nu
ii. Electron emittance ε < λ
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Part II – Slow-wave FEL

Cherenkov, Traveling-wave Tube (TWT), 
Backward-wave Oscillator (BWO), Smith-

Purcell FEL



dtvEeW
vL∫ =

⋅=∆
/// ////τ

Longitudinal Energy Coupling
(Eg. Smith-Purcell radiator, traveling-wave 
tube, backward-wave oscillator etc.)

For ∆W to accumulate, it requires 

//// ν=c
where v// is the electron’s longitudinal velocity and c// is the speed of an EM 
wave along the same direction. 

Eq. (1) is possible only for two situations: 

1. The EM wave is in a medium with refractive index n > 1 
2. The EM wave is an evanescent/slow wave

(1)

But the vacuum speed of an EM wave c0 is always larger than electron moving speed, 
and thus 

//0 ν>c (2)

E//

v//

c//



k//

ω

c, k//

ve
E//light line: slope (= v//) 

equal to vacuum speed of 
light beam line: slope (= v//) less than 

vacuum speed of light → keV electrons

−−− dispersion curve of a slow-wave electromagnetic structure
• Slope of the curve → phase velocity c//
• Tangent of the curve → group velocity

Dispersion Diagram with a Beam Line

Negative tangent →
negative group velocity

//// ν=c



e-

1. In a medium with refractive index = n

//// ν=cThe condition
ev

cθ

means

z

e
ccz

z v
n

c
kk

c ====
θθ

ωω
coscos

0

cθ

Cherenkov wavefront

radiation

(3)

Since evc >0 , n has to be larger than 1 to obtain to result e
c

v
n

c
=

θcos
0 (4)

This result also means that the electron velocity has to be larger than the EM 
wave velocity to have Cherenkov radiation or 

c
n
cve => 0 (Cherenkov threshold)

(5))1(cos 1

β
θ

nc
−=The angle is called the Cherenkov angle.



Some structure or material

ev yzjk
z

zeE α−−~
Evanescent/slow wave

2. The EM wave is an evanescent wave

//// ν=cThe condition means e
z

z v
k

c
kk

c =
+

=
+

==
2
0

2
0

22
0 /1 αα
ωω

Note that              . By properly designing α (through the structure or material), 
it is possible to match the condition

evc >0

//// ν=c

(6)

For γ >> 1, Eq. (6) further reduces to 
0

2
βγλ
πα = or

π
βγλ

α 2
1 0=

where λ0 is the radiation wavelength in vacuum. 

(7),

y

z

.222
0 α−= zkk

Assume no variation along x, substitute                        into the Helmholtz equation yzjkzeE α−−~
02

0
2 =+∇ zz EkE to obtain



Dielectric n >1

ev Evanescent field Ez

This condition tells “long radiation wavelength and high energy beam” will make 
the alignment much easier for this kind of radiation device (Cherenkov & Smith-
Purcell). 

dtvEeW
vL∫ =

⋅=∆
/// ////τ


To have appreciable coupling in , one will certainly position

the electron beam within a transverse distance < 1/α or 

π
βγλ

α 2
1 0=<id

di

The distance between the electron and the material surface di is called 
the impact parameter.

Impact Parameter



Variants of Cherenkov Radiation

Dielectric n >1

Metal/vacuum boundary

ev Evanescent field Ez

Dielectric n >1

Metal boundary

ev
Evanescent field Ez

Metal boundary
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e
zk

νω
=

z

Traveling-wave Tube (TWT)
/Backward-wave Oscillator (BWO)

(1) (2)

With a grating structure, the dispersion curve bends.

ω

kz

High-order mode

ev

ev
A grating is a slow-wave structure 
supporting a slow surface wave. 

ezz vkc == /ω⇒= //// νcBeam line satisfying (8)

TWT

Phase velocity > 0, group velocity > 0

BWO

Phase velocity > 0, group velocity < 0



However, a grating (periodical structure) is not 
just a slow-wave structure , but a resonant 
structure!

θ

0coscos λθθ mrgig =Λ−Λ

gΛ

A
B

C D

iθ rθ

The condition for the constructive interference in the far-field zone, BC-AD = 
integer multiple of wavelength, is governed by the well known grating formula

(9)

For the special case of o
ri 180,0 == θθ

it gives the well known distributed feedback resonance in modern optics 
2

0λ=Λ g

(reflection resonance) and m = 1, (10)



Smith Purcell Radiation: grating resonant radiation

gΛ

θ

)cos1(cos0 θ
β

λλθτ −
Λ

=⇒=Λ−⋅
m

mc g
spspg

2
0 1

1,
β

γβ
−

==
c
ve

θcosgΛ

λsp: SP radiation wavelength
Λg : grating period
c0 : vacuum wave velocity
ve : electron velocity
m: integer

t = 0

0λm

veelectron

constructive interference requires,
0β

τ
cv

g

e

g Λ
=

Λ
=With

swsp ωω ≠
Note that the Smith-Purcell and slow-wave frequencies are different

(11)

Smith-Purcell radiation condition

For large γ and small θ, 

)
22

1(~
2

2
θ

γ
λ +

Λ

m
g

sp (12)

field point 
@ t = τ

electron point 
@ t = τ



grating

θ
z

ksp
Proof of spsw λλ > Λg: grating period

The Smith-Purcell radiation wavelength λsp is shorter than the slow-wave 
(TWT/BWO) wavelength λsw for a given electron energy. This is an
advantage of an SP FEL. 

(13)

swsp ωω >In general

222
, α+=→ swzsw kkBut, for a slow wave, (16),222

0 α−= zkk

Combine (14) and (16) to obtain
θ

α
θ

αθ 2

2

2

2
22222

coscos
cos +=→+= sw

spswsp
kkkk

.spsw λλ > (17)Since                                one has                   or  ,0,1cos2 >≤ αθ 22
swsp kk >

zswspzsp kkk ,, cos == θMatching k along z: and .2

sp
spk

λ
π

=(14) (15)

To have energy coupling, the SP mode is phase matched to the SW mode on the surface
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zz EevvF
dt
dK

−=⋅=


Wave-electron energy exchange (longitudinal coupling)

)cos(,)1( 0
2
00 φωγ +−=−= zktEEcmK zz

where the electron kinetic energy and the Ez field are

(18)

(19)

Start with a single particle. The rate of loss or gain of electron’s kinetic 
energy is 

,

2
πφωψ +−−= tzkzDefine the phase                                         to obtain the pendulum equation 

ψψ
ψ sin2

2

2

k
dz
d

−=

where                                          (21)  with the resonant electron speed                         

and  the resonant electron energy                              (22) , and Lψ the so-called 
“synchrotron wavelength”.  

ψ
ψ

π
γ
ω

Lmv
eEk

rr

2

0
33

0 ≡=
z

r k
v ω
=

2
0

2 /1
1

cvr

r
−

=γ

(20)

The rest is the same as the discussion for the fast-wave (undulator) FEL.
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