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 Vlasov-Maxwell equation  

 Notations

VLASOV-MAXWELL EQUATIONS
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 Gain guiding and Rayleigh range

 Gain should balance diffraction

MOORE’S GUIDED MODE

Diffraction without guiding

Gain guiding2 Rayleigh Range

Power gain length



POWER GAIN LENGTH

 Physical requirement

- Scaled beam size

- Physical meaning

- The ratio between the Rayleigh range with e-beam size waist and 
the power gain length
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RULE OF THUMB

 Different cases:

- If . Diffraction loss is compensated by 
gain, system is dominated by gain  we have 1-D limit: diffraction 
negligible, but many modes are degenerate

- If . Diffraction is significant, we have 
3-D effect. Gain is less than 1-D. But higher mode grow much 
slower, a single mode dominates. Beam size becomes constant —
optical guiding.

- If . Growth rate ~ 1-D, single mode, optical guiding, 
transverse coherent for long undulator, and very high gain.

GR LLa   then ,1~

GR LLa   then ,1~
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 3-D effect: diffraction

- We compare LG with LR

 Energy spread

- Explain why it should be smaller than 

 Angular spread

- LCLS case: LG=5 m; kb=1/7.3 m-1; ks=2/(1.5E-10) m-1; 

=28100  n<< 3 mm – mrad (LCLS design: 1.2 mm-mrad)

- The conventional criteria of <s/(4)--not that good at all!

ELECTRON BEAM QUALITY 
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 FEL Electron Beam Requirements

 Need to increase peak current, preserve emittance, maintain small 
energy spread, and provide stable operation

N < 1 mm at 1.5 Å, 15 GeV

<0.08% at Ipk = 4 kA, 

K  4, u  3 cm, …

20Lg > 100 m for N  1.5 mm

Transverse emittance:

radiation wavelength

Energy spread:

peak current undulator period

beta function undulator ‘field’

FEL gain length:

(~1.5 mm realistic goal)

FREE ELECTRON LASER
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COHERENT EMISSION: REVISITED

The Physics of Free Electron Laser 8

Electromagnetic radiation emitted by charged particles is an 
indispensable part of majority of course on general 
electrodynamics. Even as of today, fundamental questions are still 
being asked and  research results are published on top journal.
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WHAT IS HAPPENING

 Laser on copper  electrons

 Electrons  coasting beam to microbunching



EMISSION

 Thermionic emission:  1000 K

 Photo-electric emission: 700 K

 Field emission: 1000 K



OUTLINE

 Quantum Degeneracy

 Cold Atoms

 Cold Electrons

 Quantum Free Electron Laser



QUANTUM DEGENERACY

In the rest-frame of a beam of electrons propagating in the z

direction, the dimensionless differential phase volume dG is:

𝑑Γ =
1

ℎ3
𝑑𝑥𝑑𝑝𝑥𝑑𝑦𝑑𝑝𝑦𝑑𝑧𝑑𝑝𝑧 =

𝑑𝑥𝑑𝛽𝑥𝑑𝑦𝑑𝛽𝑦𝑑𝑧𝑑𝛽𝑧

2𝜋 3𝐶
3

where 𝛽𝑥,𝑦,𝑧 =  𝑣𝑥,𝑦,𝑧
𝑐 and c is the speed of light, and 𝐶 =  ℏ 𝑚𝑒𝑐 =

3.86 × 10−13 m: electron Compton wavelength.

The total dimensionless phase volume G:

Γ =
𝜀𝑥𝜀𝑦𝜀𝑧

𝐶
3

where

𝜀𝑥 = 𝑥2 − 𝑥 2 𝛽𝑥
2 − 𝑥𝛽𝑥

2: x-emittance

with similar definitions for 𝜀𝑦 and 𝜀𝑧.



QUANTUM DEGENERACY

Let 𝑁𝑒be the actual number of electrons, and consider the 

ratio:

𝛿𝐹 =
𝑁𝑒
Γ
= 𝐶

3 𝑁𝑒
𝜀𝑥𝜀𝑦𝜀𝑧

= 𝐶
3𝐵

where 𝐵 =  𝑁𝑒
𝜀𝑥𝜀𝑦𝜀𝑧 is the “brightness”.

The Pauli exclusion principle requires:

𝛿𝐹 ≤ 1

for electrons of a given spin polarization; hence:

𝜀𝑥𝜀𝑦𝜀𝑧 ≥ 𝐶
3



QUANTUM DEGENERACY

 In the case of low emittance RF photoinjectors for FEL and ERL 

applications (~ 1 nC, 10-6 m-rad emittance): 𝛿𝐹 ≈ 10−11

o Supercollider is colliding this kind of beam



QUANTUM DEGENERACY

 The highest brightness source presently in operation is a field 

emission source for electron microscope applications, where the tip 

is a carbon nanowire. For this source: 𝛿𝐹 ≈ 10−5



QUANTUM DEGENERACY

 Electrons inside a metal cathode before the extraction occupies 

almost all available states and thus have degeneracy parameter 𝛿𝐹~1

 How do we loose all of that ?

̶ Extraction mechanism: phonon scattering during extraction,…

̶ Coulomb interaction: e--e- scattering after extraction



QUANTUM DEGENERACY

A quantum degenerate electron source



QUANTUM DEGENERACY

Eventually, we can get:

• 𝜀𝑥,𝑦 ≅ 3.0 𝐶,

• 𝜀𝑧 ≅ 4.8 𝐶,

• and a fractional energy spread ∆𝐸/𝐸 ≈ 4 × 10−5,

• 𝛿𝐹 ≈ 2 × 10−2



Ultracold electron sources based on near-threshold 

photoionization of laser-cooled atomic gases can produce 

ultrashort electron pulses with a brightness potentially 

exceeding conventional pulsed electron sources.

• At beam waist:

- 𝜖⊥,waist = 𝜎𝑥
𝑘𝑇

𝑚𝑐2
, where 𝜎𝑥the rms beam size and 𝑇 ≡  𝑝𝑥

2

𝑚𝑘 the 

effective electron temperature

- 𝜖∥,waist =
1

𝑚𝑐
𝜎𝑧𝜎𝑝𝑧 =

1

𝑚𝑐
𝜎𝑡𝜎U with 𝜎𝑡 the rms bunch duration and the 

𝜎U rms longitudinal energy spread

COLD ELECTRONS FROM COLD ATOMS



Conventional Pulsed RF: fully optimized normalized 

brightness (  𝑁 𝜖⊥
2: the transverse phase space density cannot 

be improved any more) 𝜖⊥ ∝ 𝑁

Cold Atoms: the electron and photon beams matched 
𝜖⊥

𝛽𝛾
≤

𝜆

4𝜋
reduction of  emittance allows lower beam energy 

compact 

COLD ELECTRONS FROM COLD ATOMS



An ultra-cold atom cloud in a magneto-topical atom trap (MOT)
- Three orthogonal pairs of laser beams with a quadrupole magnetic field produced 

by two coils in anti-Helmholtz configuration

- The trapped gas is ionized just above threshold using a two-photon ionization 

scheme: for rubidium, 780 nm exciting atoms to the 5P3/2 state, a 480 nm ionizes 

the atom in 5P3/2 state 

SET-UP



RYDBERG ATOMS



Self-Amplified Spontaneous Emission (SASE) –Free Electron Laser 

(FEL)

• FEL Power: exponential growth 𝑃FEL = 𝑃0𝑒
𝑧/𝐿𝑔

with Power Gain Length: 𝐿𝑔 =
1

3

2𝑚𝑐𝛾3𝜎𝑥
2𝜆𝑢

𝜇0𝑒𝐾2  𝐼

1/3

SASE-FEL

𝜆 ∝
𝜆𝑤
𝛾2

𝐾 = 93.4𝐵𝑤𝜆𝑤



SASE-FEL 

Cold Atoms Conventional

Charge Q (pC) 1 100

Repetition Rate (kHz) 1 0.12

Effective T (K) 10 5000

Effective kT (eV) 0.001 0.5

Norm. 𝜖⊥ (mm-mrad) 0.013 0.5

rms size 𝜎𝑥 (mm) 0.026 1

Long. (keV ps) 1 40

Energy out of Gun 

(MeV)

0.1 6

Bunch length (fs) 10 30

Peak current (A) 100 3400

Electron Energy (GeV) 1.3 13.64

FEL wavelength (Å) 1 1.5

The advantages of using cold electron source



Unlike the conventional laser

• FEL is quantum transition from momentum state

• From classical view point, this is the electron kinetic energy being 

converted into photon energy

However, the electron initial kinetic energy spread will be very 

large, if it is warm

The corresponding FEL bandwidth will be large

• Not a true laser

SASE FEL



Conventional SASE FEL spectrum: Spiky

• Number of spikes: the initial electron 

energy spread / full coherent spike 

bandwidth determined by pulse duration 

SASE FEL



High-gain free electron laser (FEL) and  Collective atomic recoil 

laser (CARL)

• Self-bunching and exponential enhancement of the emitted 

radiation

• were originally conceived in a classical framework where the 

discrete nature of the recoil due to scattering of a photon by the 

particle was ignored, usually being masked by temperature effects

• In particular, with Bose-Einstein Condensates (BEC), it is necessary to 

describe the center-of-mass motion of the atoms in CARL quantum 

mechanically

In general, the classical limit for CARLs and FELs is obtained when 

the change of momentum of the particles is much larger than the 

quantum photon recoil ℏ𝑘.

QUANTUM FEL



High-gain free electron laser (FEL) 

• a relativistic high current electron beam with energy 𝑚𝑐2𝛾0, injected in a 

magnet (``wiggler’’) with a transverse, static magnetic field Bw and 

periodicity u, which radiates in the forward direction at the wavelength 

𝜆~𝜆𝑢 1 + 𝑎𝑤
2 /2𝛾0

2, where aw = eBw/mc2ku is the wiggler parameter 

and ku = 2/ u

Collective atomic recoil laser (CARL)

• a collection of two-level atoms, driven by a far-detuned pump laser of 

frequency wp, which radiates at the frequency 𝜔~𝜔𝑝 in the direction 

opposite to the pump

In both cases the radiation process arises from a collective instability 

which originates a symmetry breaking in the spatial distribution of the 

particles, i.e. a self-bunching of particles which group in regions smaller 

than the wavelength.

QUANTUM FEL



The FEL Hamiltonian for 𝑁 electrons interactiong with a single 

mode of radiation field: 

𝐻 =  𝑗=1
𝑁 𝑝𝑗

2

2 𝜌
+ 𝑖𝑔 𝑎+𝑒−𝑖𝜃𝑗 − 𝑎𝑒𝑖𝜃𝑗 − 𝛿𝑎+𝑎

where 𝜃𝑗 = 𝑘 + 𝑘𝑤 𝑧 − 𝑐𝑘𝑡𝑗 − 𝛿  𝑧 and 𝑝𝑗 =

 𝑚𝑐 𝛾𝑗 − 𝛾0 ℏ 𝑘 + 𝑘𝑤 are position and momentum operators 

of the 𝑗th electron, with 𝜃𝑗 , 𝑝𝑗 = 𝑖𝛿𝑖𝑗.

QUANTUM FEL



The quantum-mechanical dynamics of both FELs and CARLs can be 

described by a Schr  odinger equation for the ``matter-wave’’ field 

coupled self-consistently with the equation for the radiation field 

amplitude A:

𝑖
𝜕Ψ 𝜃,  𝑡

𝜕  𝑡
= −

1

 𝜌

𝜕Ψ2 𝜃,  𝑡

𝜕𝜃2
−

𝑖 𝜌

2
𝐴 𝜃,  𝑡 𝑒𝑖𝜃 − 𝑐. 𝑐. Ψ 𝜃,  𝑡 ,

𝜕

𝜕  𝑡
+
1

𝜖

𝜕

𝜕𝜃
𝐴 𝜃,  𝑡 = Ψ 𝜃,  𝑡 2𝑒−𝑖𝜃 + 𝑖

𝛿

 𝜌
𝐴 𝜃,  𝑡

where  is the phase of the particle,  𝑡 is the dimensionless time, 

𝐴 2 = 2/𝑁  𝜌 𝑎 2, where 𝑎 2is the average number of 

photons in the volume V, and Ψ 𝜃,  𝑡 2 is the space-time 

dependent particle density, normalized to unity.

QUANTUM FEL



: Fourier series

Ψ 𝜃, 𝑧1,  𝑡 =  

𝑛=−∞

∞

𝑐𝑛 𝑧1,  𝑡 𝑒
𝑖𝑛𝜃

the coupled equations:

𝜕𝑐𝑛

𝜕  𝑡
= −

𝑖𝑛2

 𝜌
𝑐𝑛 −

 𝜌

2
𝐴𝑐𝑛−1 − 𝐴∗𝑐𝑛+1 ,

𝜕𝐴

𝜕  𝑡
+
𝜕𝐴

𝜕𝑧1
=  

𝑛=−∞

∞

𝑐𝑛𝑐𝑛−1
∗ + 𝑖

𝛿

 𝜌
𝐴

𝐴~𝐴𝑒𝜍  𝑡

• Cubic equation:

• 𝜁 −
𝛿

 𝜌
𝜁2 −

1

 𝜌2
+ 1 = 0

QUANTUM FEL



QFEL parameters

Quantum FEL

Classical Quantum

Charge Q (pC) 1 0.1

Undulator Strength K 0.1 0.5

Undulator Period  𝜆𝑢
(mm)

1.3 0.0008

Gain Length (m) 0.28 0.002

Norm. 𝜖⊥ (mm-mrad) 0.013 0.001

rms size 𝜎𝑥 (mm) 0.026 1

Long. (keV ps) 1 0.1

Peak current (A) 100 0.001

Electron Energy (GeV) 1.3 0.015

FEL wavelength (Å) 1 3.9



 Once we understand the fundamental physics, we can find 

novel solution, but not just follow what people are suggesting.

 Cold Atoms now relatively easy to obtain

 Cold electron from cold atoms can make free electron laser 

compact and work in the quantum regime

DISCUSSIONS



FUNDAMENTAL PHYSICS

G. Popkin, “TABLETOP PHYSICS PUSHED TO THE EDGE”, Nature 553, 142 (2018). 



FUNDAMENTAL PHYSICS



The Physics of Free Electron Laser 43

 Aspects of the FEL physics as FP:
- The QED nature of the underlying laser mechanism;
- Truly quantum signature in a process whose phenomenology 

is dominated by classical effects.
 The perspective uses of the FEL in FP experiments: 
- Non-linear effects in QED: photon–photon scattering;
- Search for dark matter candidates like axions.

FINAL REMARK: FEL FOR FUNDAMENTAL PHYSICS (FP) STUDIES


