
Introduction to High Gain Free 
Electron Lasers

Wai-Keung Lau (劉偉強)
2026 NSRRC Winter School on Free Electron Lasers

January 5 – 9, 2026



Outline

➢ Introduction to synchrotron radiation and FELs

➢ 1D theory of high gain FELs

➢ Self-amplification of spontaneous radiation (SASE)

➢ Seeded FELs
• Self-seeding

• High-gain harmonic-generation (HGHG) and other seeding schemes

➢ 3D and beam quality effects

➢ High gain FEL facilities and applications



Basic Postulates of Special Relativity

• Postulate of Relativity – the law of nature and the results of all
experiments performed in a given frame of reference are
independent of the translational motion of the whole system.

• Postulate of the constancy of the speed of light – the speed of light
is finite and independent of the motion of its source. In other
words, in every inertial frame, there is a finite universal limiting
speed c for physical entities (although it is a postulate, it is based
on our experimental observations).



Lorentz Transformation
Lorentz transformation of ‘space-time’ coordinates can be deduced directly from
the two basic postulates of special relativity:
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Length contraction: a body’s length is measured
to be longest when it is at its rest frame.
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Time dilatation: a clock is measured to go at
fastest rate when it is at its rest frame.
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“ A thousand years in your sight

are like a day that has just gone by,

or like a watch in the night.”

Psalm 90:4



Orbit in Electron’s Reference Frame

y’

z’

x’

S’

y

z

x

S

laboratory frame
electron orbit seen in reference frame 

moving at particle tangential velocity
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Radiation by a Slow Particles
Angular distribution of the radiation power by a slowly moving (i.e. v << c) charged
particle under acceleration:
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Relativistic Effects
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• total radiated power in laboratory frame is
the same as that in the frame moving
tangential to the particle trajectory

• the power loss due to Doppler shift in one
direction is gained back in the other
direction.

relativistic beaming

1 2

y

x

zS
blue shift red shift

time dilatation

relativistic Doppler effect



1

 for large 

2026/1/6 7ISBA 2024

Lorentz transformation
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Power of Synchrotron Radiation by an Electron

but a’=2a and 
centripetal acceleration a = c2/
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Pulse Duration of SR from Bending Magnet

Dipole
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For a 3 GeV storage ring with bending magnets
of 10-m in radius of curvature. Pulse duration of
SR emitted by an electron is about 8 x10-20s !!
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Typical Spectrum of SR from Bending Magnet

Due to the short radiation pulse duration, the spectrum of SR from a bending
magnet is broad. The maximum frequency of the spectrum can be estimated as:
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0 is the revolution frequency of electron 
going around the ring.

For TPS, a 3-GeV ring, the revolution is 578.3 kHz.
The maximum frequency (critical frequency) of SR
with appreciable power is about 1.6x1018 Hz. It
corresponds to photons of energy 6.6 keV from
dipole magnets.
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Enhancement of Synchrotron Radiation

https://i.stack.imgur.com/jRAPD.png 
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3rd generation SR sources

4th generation SR sources (DLSR)

Brightness of Synchrotron Light Sources

Brightness = # of photons/seconds/unit
solid angle/0.1% BW
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For 3GLS, electron beam size x,e and divergence ’x,e are 
much larger than single electron photon size ph and 
divergence due to diffraction ’

ph . The brightness can then 
be defined as 
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x, y are the horizontal 
and vertical beam 
emittances respectively.

improvement of lattice design 
and storage ring technology
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Temporal Coherent Radiation by a Short Bunch

electrons radiate coherently

electrons radiate incoherently ( ) ( )kti
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For a bunch of electrons with Gaussian distribution G(z) which is characterized by RMS
bunch length z, 
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Temporal Coherent Radiation by Multiple Bunches

coherent radiation from M
bunches 

Radiation power from a bunch of Nb electrons
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Radiation power from M bunches
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If we have a train of bunches moves ‘coherently’ in the
undulator, line width of radiation is not limited by
undulator length, but by total length of the bunch train.
But how can we produce such bunch train??

coherent radiation from a 
bunches of Nb electrons



Interaction of Electrons and EM Wave in Undulator

Consider an electron moving in a helical wiggler field,
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Consider an electron with initial velocity vz = v0 , its transverse velocity in the 
undulator is:
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velocities in helical undulators. However, this 
is not the case in planar undulators.
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Electron dynamics in a laser field

Consider a right-hand circularly polarized light wave propagating along +z 
axis in the undulator field, then

with , from Lorentz force equation (in MKS units)
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( ) tzkk u  −+Recall ponderomotive phase  

taking derivative with respect to z:
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Resonance Condition

0=dzd

0
2

1
2

0

2

=








 +
−



K
kku

( )2

2

0

1
2

Ku +=





this is the so-called ‘undulator equation’ (i.e. the 
resonance condition) that predicts the central wavelength 
of spontaneous radiation from a helical undulator with 
undulator parameter K at a given electron energy.

If we define 1













uuu kk

K
kk

dz

d
21

2

1
2

2

0

2

2

0

2

0

2









−=

+
−=

and assume( ) 00  −

If we choose 0 = such that no phase slippage between the particle and
the ponderomotive wave (i.e. ), then we have 

in terms of 
wavelengths



The Pendulum Equations
For 1
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unstable particle

bucket





Beam-wave Interaction in Undulator

Undulator electron orbit

microbunching



define FEL gain (small signal) G as:
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The First FEL Experiment

John Madey (1934 – 2016)



FEL Oscillator

low gain
(interaction do not saturates)

(hole for output coupling)

optical cavity with high reflectivity mirrors
(no good mirrors < 200 nm)

drive beam with many many bunches
and high bunch rep.-rate

the first working FEL!!



Challenges for X-ray FELs 

• No high reflectance mirrors in VUV and x-ray ranges

• Lack of seed lasers in beyond soft x-ray range

• To achieve high gain in a single pass, one has to have a quality 
electron beams at high peak current 

• May need a long undulator.

“Finite gain is available from the far‐infrared through the visible region raising the 
possibility of continuously tunable amplifiers and oscillators at these frequencies 
with the further possibility of partially coherent radiation sources in the ultraviolet 
and x‐ray regions to beyond 10 keV. Several numerical examples are considered.”

John M. J. Madey in “Stimulated Emission of Bremsstrahlung in a Periodic Magnetic Field”, Journal of Applied 
Physics Vol. 42, Number 1 (1971)



• In Vlasov beam model, one has to solve the following equations self-consistently 
(Maxwell-Vlasov equations):
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• Vlasov equation is, in general, 
nonlinear.

• given a initial beam distribution, 
integrate Vlasov numerically.

• determine an equilibrium state, 
linearize Vlasov equation w.r.t. this 
state and solve the linearized 
equation for small signals. 



1D Model of Beam-Wave Interaction in Helical Undulator

• Neglecting the transverse variation of the radiation field.

• Assume the wiggler’s gap and width are much larger than the beam size such that 
magnetic field is approx. constant within the beam size.

• Beam-wave interaction is strong enough, electron dynamics in an undulator is 
affected by the radiation field and if a positive feedback mechanism has been 
setup, the amplitude of the radiation field grows exponentially.

electron 
dynamics in 
undulator

coherent 
radiation(microbunching)

system dispersioninput wave

(energy modulation)

amplified wave

Feedback*

Vlasov equation Maxwell Equation

note that coherent radiation 
is in forward direction



Evolution of Radiation Power in FEL



Major Performance Parameters for High Gain FELs
For a FEL amplifier, the growth and saturation of radiation can be described by:

 is the coupling coefficient, Pn is the input power. For SASE, the input noise power is 
the frequency integrated synchrotron radiation power in an FEL gain bandwidth 
generated in the first gain length. Lg is the gain length, Lsat is the saturation length, Psat

is the saturated power. The saturation length is given by
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Lg , Lsat and Psat are the major performance parameters for a high gain FEL amplifier.



Formulas for 1D SASE FEL Theory

• Coupling coefficient, :

• Effective input noise power:

• 1D gain length:

91=

 0

2cEPn 

 341 uDL =

1D model gives the highest 
possible FEL gain (shortest 
gain length).



Formulas for 1D SASE FEL Theory (cont’d)

• Saturation power Psat:

• Pierce parameter  :

beamsat PP 
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Beam Quality Requirements of High Gain FELs

Acceptable beam emittance is defined by the relation:
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FEL Saturation

• The electrons oscillates in phase space at synchrotron frequency s
2 = 2D2E/0

2. As 
the radiation field E grows exponentially, the bucket height in the phase space 
increases, and the energy spread of the beam also increases due to the interaction 
with the radiation field.

• As the radiation power increases, the electron distribution rotates faster and faster 
in the bucket (i.e. s  E) , but the growth rate of the field remains nearly the 
same.

• As a results, when the rotation is faster than growth rate and the rotation reaches 
near 90 degree in the bucket. The electrons can not radiate energy any more and 
start to absorb energy from the field. The FEL is said to reach its saturation. 



Saturation power can be estimated when the synchrotron frequency s increases to 
be equal to the growth rate, it is found to be:
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But n0cA is the number of electrons per second, n0cAmc20 is the electron beam 
power Pe. We have:

es PP 
This is an important result because it implies  is the 
approximate FEL interaction efficiency!!



3D effects

• A beam with finite transverse emittance will have certain angular 
spread that makes the beam expands in size as it propagates along 
the undulator.

• Planar undulator will have natural focusing force.
• Strong focusing is usually used to keep the beam size nearly constant 

for effective FEL interaction
• Diffraction of radiation field has to be considered.

strong focusing of electron 
beam for long distance 
propagation



Xie’s Fitting Formula

• The FEL gain length in 3D model can be expressed by a universal scaling 
function
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and  24 xRL =

is the Rayleigh range. The scaling parameters d, , and  measure the non-ideal beam (the 
deviation of the beam from the ideal case). d is for the gain reduction due to diffraction,  is for 
the gain reduction due to electron’s longitudinal velocity spread caused by emittance,  is for the 
gain reduction due to electron’s longitudinal velocity spread caused by energy spread. Lg

approaches L1D if all the scaling parameters vanish.



Xie’s Fitting Formula (cont’d)
• The universal scaling function is determined by fitting numerical solutions of 

the coupled Maxwell-Vlasov equations describing FEL interaction, is given by
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Xie’s Fitting Parameters

a1 = 0.45 a2 = 0.57 a3 = 0.55 a4 = 1.6

a5 = 3 a6 = 2 a7 = 0.35 a8 = 2.9

a9 = 2.4 a10 = 51 a11 = 0.95 a12 = 3

a13 = 5.4 a14 = 0.7 a15 = 1.9 a16 = 1140

a17 = 2.2 a18 = 2.9 a19 = 3.2

• The saturation power obtained empirically by fitting simulation 
results is given by
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• A formula for noise power is not available for non-ideal beam



Input Parameters being used in this study
50-nm High Gain FEL Simulation Parameters

Radiator period [mm] 20

Radiator type helical

Radiator parameter, K 0.445

Operating field, B0 [T] 0.238

Radiation wavelength [nm] 49.963

Electron beam energy [MeV] 250

 function [m] 4.95

Beam size, rms [m] 174

Normalized emittance [mm-mrad] 3.0

Peak current [A] 500

Energy spread [%] 0.08

Input power [W] 1

Rayleigh range [m] 10.55



Power Evolution along Z



Evolution of Instantaneous Growth Rate



Simulation Results

simulation



Simulation Results

simulation



Self-amplification of Spontaneous Emission (SASE)

Example of LCLS-II 13 keV case 



First SASE FEL @ Argonne National Lab



First Hard X-ray FEL Facility 

Claudio Pellegrini Paul Emma (right)

LCLS @ SLAC National Accelerator Laboratory



SASE with self-seeding

e-beam 

chicane
seed

High Gain Harmonic Generation

e-beam

n

Direct seeding

e-beam


seed 

Spectral bandwidth can be 
reduced significantly. However, 
large  fluctuation in output 
intensity is expected



First HGHG Expt. @ Brookhaven National Lab

Li Hua Yu



FEL User Facilities for Scientific Research
(Sources: http://sbfel3.ucsb.edu/www/vl_fel.html ; http://www.lightsouces.org )

http://sbfel3.ucsb.edu/www/vl_fel.html
http://www.lightsouces.org/


LOCATION FACILITY NAME WAVELENGTHS Acc. Type

RIKEN, JAPAN SACLA 0.63 – 3 Å NC Linac

SLAC, USA LCLS 1.2 – 15 Å NC Linac

DESY, Germany FLASH 4.1 – 45 nm SC Linac

ELETTRA, Italy FERMI 4 – 100 nm NC Linac

Osaka U., Japan iFEL 230 nm – 100 m NC Linac

Radboud U. Netherlands FELIX 25 – 420 m NC Linac

LURE-Orsay, France CLIO 3 – 150 m NC Linac

Jefferson Lab., USA Jlab FEL 363 – 438 nm
3.2 – 4.8 m

SC Linac

SUT, Japan FEL-SUT 5 – 16 m NC Linac

FZ Rossendorf, Germany FELBE 4 – 250 m SC Linac

UCSB, USA ITST 30 m – 2.5 mm electrostatic

PSI, Switzerland Swiss FEL 1 – 70 Å NC Linac

DESY, Germany Euro-XFEL 0.5 – 47 Å SC Linac

Shanghai, China SXFEL 1.2 – 10 nm NC Linac

Dalian, China DCLS 50 – 150 nm NC Linac

Free Electron Laser Facilities Worldwide

high gain

high gain





FEL在極紫外光微影製程的應用

• 近年來，產業界在先進半導體的大批量量產技術上取得了顯著進步，主要原
因之一是導入了穩定可靠的極紫外光微影製程（EUV lithography；EUVL）
技術。

• 目前商用的EUVL微影製程系統以13.5奈米的雷射驅動電漿源（laser-
produced plasma source；LPP）作為光源。他們設計的LPP利用二氧化碳雷
射照射錫液滴（tin droplets），產生電漿並輻射出重複率為50仟赫、平均
功率高達250瓦以上的極紫外光脈衝，供應系統後端的光學掃描子系統使用。

• 現今EUVL製程進行電路圖案轉印（patterning）的速率已達每小時超過200
片晶圓。這在很大程度上滿足了晶片量產的需求。若要製程中增加圖案轉印
的速率，增加EUV光源的平均功率是重要的方向。

• 然而，在LPP的發光過程中產生的殘留物也造成極紫外光收集鏡的污染而影
響到鏡片的壽命。經過不斷改進保護收集鏡鍍膜的方式後，鏡面反射率的劣
化速率（degradation rate）可以低於每十億發極紫外光脈衝0.1 %，尚有
改進空間。



H. Sakai et al., Phys. Rev. Accel. Beams 28, 091603 (2025)
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Superradiant THz Free Electron Laser @ NSRRC

Al foil



Simulation of Superradiant THz FEL

The radiation is immediately established in the
U100 undulator and quickly achieves to its
maximum value as we expected for super-radiant
emission from an ultrashort drive. In this simulation,
the parameter K of the U100 undulator is set at 4.6
and the radiation frequency is 2.6 THz. Spatial distribution of the THz radiation (c.f. Lc = 0.556 mm)

• Since the bunch is short w.r.t. radiation length, 
simulation is done by unaveraged 3D FEL code –
PUFFIN

• For start-to-end simulation, we use the RF 
compressed beam simulated by IMPACT-T as 
input for PUFFIN simulation



Facility Name Location Wavelength range Type Accelerator

CLIO LURE-Orsay, France 3 – 120 m Oscillator NC Linac

FELBE / TELBE FZ Rossendorf, Germany 4 – 250 m / 100 – 3000 m Oscillator / Superradiant SC Linac

FHI FEL Fritz Haber Institute, Germany 3 – 60 m Oscillator NC Linac

FLASH THz Beamline DESY, Germany 10 – 300 m Superradiant SC Linac

PITZ THz SASE FEL DESY, Germany 10 – 3000 m SASE SC Linac

SABINA THz/IR FEL SPARC Laboratory, Italy 10 – 100 m SASE NC Linac

FELIX Radboud U. Netherlands 3 – 1500 m Oscillator NC Linac

TARLA Gölbasi, Turky 2.5 – 250 m Oscillator SC Linac

ALICE Daresbury Lab., UK 4 –16 m Oscillator SC Linac

FELiChEM NSRL Hefei, China 2 – 200 m Oscillator NC Linac

CAEP THz FEL CAEP, Mianyang, China 71.4 – 447 m / 686, 1344 m Oscillator /Superradiant SC Linac

FEL-SUT SUT, Japan 5 – 16 m Oscillator NC Linac

FEL-TUS Tokyo University of Science, Japan 5 – 1000 m Oscillator NC Linac

iFEL Osaka U., Japan 0.23 – 100 m Oscillator NC Linac

KU FEL / THz CUR Kyoto University, Japan 3.4 – 26 m / 500 – 1873 m Oscillator / Superradiant NC Linac

LEBRA Nihon University, Japan 1– 6 m Oscillator NC Linac

t-ACTS Tohoku U., Japan 180 – 360 m Superradiant NC Linac

NovoFEL BINP Novosibirsk, Russia 8 – 340 m Oscillator NC ERL

NSRRC THz FEL NSRRC, Taiwan 214 – 500 m Superradiant NC Linac

PCELL MIR FEL / THz FEL CMU, Thailand 9.5 – 16.6 m / 100 – 300 m Oscillator / Superradiant NC Linac

ITST (UCSB FEL) UCSB, USA 30 – 2500 m Oscillator Electrostatic

Jlab FEL Jefferson Laboratory, USA 1.5 – 14 m Ocillator SC ERL

IR and THz FEL Facilities around the World



THz SASE FEL – an Example

Beam Parameters:

Undulator parameters:

• Bunch charge: 2 nC
• Bunch duration: 13.33 ps
• Peak current: 150 A
• Beam energy: 15 MeV
• Normalized emittance: 3.0 mm-mrad
• Beam size: 1 mm
• Energy spread: 100 keV

• Period length: 30 mm
• Number of periods: 100
• Undulator parameter: 2 – 4

3 THz

# To achieve high peak power, the bunch should be long enough to 
contain as many micro-bunches as possible. Hence, it requires longer 
bunch at lower THz frequencies.

# High peak current is required to make gain length short enough so that 
the FEL can reach saturation under fixed undulator length.

High bunch charge !!



• Gain length, Lg  0.135-m @ 100 m wavelength
• Lsat  20 Lg for SASE, should saturate in a 3-m 

long undulator
• FEL parameter, 0.0138 @ 100 m 

wavelength means that the interaction efficiency 
is about 1.38%

• Expected output power is 31 MW for 2.25 GW 
beam power. 

• Corresponding pulse energy is 418 J !



PITZ THz SASE FEL

• The THz SASE FEL prototype is 
under development at PITZ

• To be used for pump-probe 
experiment at European X-ray FEL

• 1.3 GHz photoinjector @ 60 MV/m 
accelerating gradient

• RF pulse duration of 1 ms at 10 Hz 
repetition rate

• 3.4-m long LCLS-I undulator (u = 
30 mm, 113 periods)

6.67 MeV

24 MeV
THz output

Boonpornprasert, P. et al., in IPAC2023, Venice, 2023.

SLAC LCLS-I undulator
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