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NOTICE:
I am so sorry, there were several errors in the lecture notes. Chang-sanwill help me to re-upload them. Please download 

them again after January 6th.

Practical
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o Core Technology.
o Basics of Electron Acceleration.
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o Dispersion curve with various beam aperture 2a and cavity diameter 2b.
o Phase synchronization with electron beam.

3. Parameters required for accelerator structure design.
o Phase shift per cell
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o Q value Q
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o Filling time tF
o Energy gain EG

4. Exercise on accelerator structure design
o 35 MeV, 2̄ /3 mode
o Cavity dimension tolerance and frequency and phase sensitivity
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o Electromagnetic & electric circuit design 
Ҧ Electromagnetic field analysis tools, for example CSTand HFSS.
Ҧ aƻŘǳƭŀǘƻǊ ǇƻǿŜǊ ǎǳǇǇƭȅ
Ҧ мл ǇǇƳ όмл-5) order precise capacitor charger. 

o Copper material 
ҧ ±ŜǊȅ ƛƳǇƻǊǘŀƴǘΣ ǿŜ Ŏŀƴƴƻǘ ǘǳǊƴ ōǊƻƴȊŜ ƛƴǘƻ ƎƻƭŘΦ
Ҧ ŦƻǊ ŜȄŀƳǇƭŜΣ ±ŀŎǳǳƳ ŘƛƻȄȅƎŜƴ ƘƛƎƘ ǇǳǊƛǘȅ ŎƻǇǇŜǊΦ

o Machine tool technology 
Ҧ trecision dimensioning with a few micron-meter.
Ҧ ±ŜǊȅ ǎƳƻƻǘƘ roughness (~30 nm @flat area) of machined 
surface. 

o Bonding techniques 
Ҧ ±ŀŎǳǳƳ ōrazing. (for ex.: S-band 8-GeV@KEK, C-band, 8-
GeV@SAKULA, S-band, 10-GeV@PAL-XFEL)
Ҧ IȅŘǊƻƎŜƴ ōǊŀȊƛƴƎΦ όŦƻǊ ŜȄΦΥ {-band, 50-GeV@SLAC)
Ҧ 9ƭŜŎǘǊƛŎŀƭ ǘƘƛŎƪ ǇƭŀǘƛƴƎ όŦƻǊ ŜȄΦΥ ŦƻǊ {-band, 8 GeV@KEK)
Ҧ wŜƭŀǘŜŘ ǿŜƭŘƛƴƎ ǇǊƻŎŜǎǎŜǎΦ ό9ƭŜŎǘǊƻƴ ōŜŀƳ ǿŜƭŘƛƴƎΣ [ŀǎŜǊ 

beam welding)

CORE TECHNOLOGIES
The simulation program can provide the 

distribution of electromagnetic fields in the 
cavity, field strength, and relative changes due 
to dimensional changes can be determined. 
However, it does not have the accuracy to 
determine the absolute mechanical dimensions 
of the cavity. 

The analytical calculations and the electro-
magnetic simulation code are insufficient to 
obtain enough accuracy for the resonance 
frequency of the accelerating tube. 

Actual measurementsusing low power model 
cavities are required.
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ELECTROMAGNETIC FIELD ANALYSIS TOOLS
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J-Shape double feed coupler Advantage 1: Double-feed couplers can make the electric field (Ez) distribution 
symmetrical, this eliminates the need for increased beam emittance.

Advantage 2: The surface electric field 
strength of the Iris section can be 30%
lower than that of a single Iris coupler. 

The discharge threshold of the 
Iris section is the lowest in the 
areas where the RF passes 
through. 
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CANON 50 KLYSTRON TUBE
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ҨSpace charge limitation effect

ҧ40~50%
Conversion efficiency from bema to RF.

Ҩ1.5~2.0 x 10-6 (Perveance)
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TIME OF FLIGHT OF ELECTRONS IN THE KLYSTRON AND DYNAMIC PHASE CHANGE OF THE RF OUTPUT
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e [C]: 1.6 x 10-19, electron charge.
m [kg]: 9.11 x 10-31, electron mass.
c [m/sec]: ~3 x 108, light speed.
L [m]: 0.645, drift tube length of TOSHIBA E3712

0˂ [m]: 0.105, free wave length, c/f [f: 2856 MHz]
V0 [V]: nominal klystron beam voltage.
ɲ±[V]: klystron beam voltage change.

To achieve a phase variation of 
0.03° in the output RF of the 
klystron, the beam voltage variation 
must be less than 50 ppm(5 x 10-5).

V0 ±ɲV
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20 SECTION PFN FOR 50 MW KLYSTRON.

4.8 ˃ s @75%

Ҩ -350 kV

PTR: 1 : 17

VPFN_CHARGE: 41.14 kV

IThyratron: 6.83 kA
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CVD monitor waveform
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NOTE:
Theoutput voltageof the CVD is influenced by its 
intrinsic error as well as the length and capacitance 
of the coaxial cable; therefore, calibration must be 
performed on the actual unit.
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±0.15%

3.4 ˃ s
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o Electromagnetic & electric circuit design 
Ҧ Electromagnetic field analysis tools, for example CSTand HFSS.
Ҧ aƻŘǳƭŀǘƻǊ ǇƻǿŜǊ ǎǳǇǇƭȅ
Ҧ мл ǇǇƳ όмл-5) order precise capacitor charger. 

o Copper material 
ҧ ±ŜǊȅ ƛƳǇƻǊǘŀƴǘΣ ǿŜ Ŏŀƴƴƻǘ ǘǳǊƴ ōǊƻƴȊŜ ƛƴǘƻ ƎƻƭŘΦ
Ҧ ŦƻǊ ŜȄŀƳǇƭŜΣ ±ŀŎǳǳƳ ŘƛƻȄȅƎŜƴ ƘƛƎƘ ǇǳǊƛǘȅ ŎƻǇǇŜǊΦ

o Machine tool technology 
Ҧ trecision dimensioning with a few micron-meter.
Ҧ ±ŜǊȅ ǎƳƻƻǘƘ roughness (~30 nm @flat area) of machined 
surface. 

o Bonding techniques 
Ҧ ±ŀŎǳǳƳ ōrazing. (for ex.: S-band 8-GeV@KEK, C-band, 8-
GeV@SAKULA, S-band, 10-GeV@PAL-XFEL)
Ҧ IȅŘǊƻƎŜƴ ōǊŀȊƛƴƎΦ όŦƻǊ ŜȄΦΥ {-band, 50-GeV@SLAC)
Ҧ 9ƭŜŎǘǊƛŎŀƭ ǘƘƛŎƪ ǇƭŀǘƛƴƎ όŦƻǊ ŜȄΦΥ ŦƻǊ {-band, 8 GeV@KEK)
Ҧ wŜƭŀǘŜŘ ǿŜƭŘƛƴƎ ǇǊƻŎŜǎǎŜǎΦ ό9ƭŜŎǘǊƻƴ ōŜŀƳ ǿŜƭŘƛƴƎΣ [ŀǎŜǊ 

beam welding)

CORE TECHNOLOGIES FOR ACCELERATING TUBE FABRICATION
The simulation program can provide the 

distribution of electromagnetic fields in the 
cavity, field strength, and relative changes due 
to dimensional changes can be determined. 
However, it does not have the accuracy to 
determine the absolute mechanical dimensions 
of the cavity. 

The analytical calculations and the electro-
magnetic simulation code are insufficient to 
obtain enough accuracy for the resonance 
frequency of the accelerating tube. 

Actual measurementsusing low power model 
cavities are required.
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HYDROGEN ABSORPTION DURING CASTING
Presented by HITACHI COPPER

C

C + O Ҧ /hҧ H2O Ҧ 2HҨ Ҍ hҧ

CO + O Ҧ /h2ҧ
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ANALYSIS EXAMPLE OF IMPURITY
Presented by HITACHI COPPER
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o Electromagnetic & electric circuit design 
Ҧ Electromagnetic field analysis tools, for example CSTand HFSS.
Ҧ aƻŘǳƭŀǘƻǊ ǇƻǿŜǊ ǎǳǇǇƭȅ
Ҧ мл ǇǇƳ όмл-5) order precise capacitor charger. 

o Copper material 
ҧ ±ŜǊȅ ƛƳǇƻǊǘŀƴǘΣ ǿŜ Ŏŀƴƴƻǘ ǘǳǊƴ ōǊƻƴȊŜ ƛƴǘƻ ƎƻƭŘΦ
Ҧ ŦƻǊ ŜȄŀƳǇƭŜΣ ±ŀŎǳǳƳ ŘƛƻȄȅƎŜƴ ƘƛƎƘ ǇǳǊƛǘȅ ŎƻǇǇŜǊΦ

o Machine tool technology 
Ҧ trecision dimensioning with a few micron-meter.
Ҧ ±ŜǊȅ ǎƳƻƻǘƘ roughness (~30 nm @flat area) of machined 
surface. 

o Bonding techniques 
Ҧ ±ŀŎǳǳƳ ōrazing. (for ex.: S-band 8-GeV@KEK, C-band, 8-
GeV@SAKULA, S-band, 10-GeV@PAL-XFEL)
Ҧ IȅŘǊƻƎŜƴ ōǊŀȊƛƴƎΦ όŦƻǊ ŜȄΦΥ {-band, 50-GeV@SLAC)
Ҧ 9ƭŜŎǘǊƛŎŀƭ ǘƘƛŎƪ ǇƭŀǘƛƴƎ όŦƻǊ ŜȄΦΥ ŦƻǊ {-band, 8 GeV@KEK)
Ҧ wŜƭŀǘŜŘ ǿŜƭŘƛƴƎ ǇǊƻŎŜǎǎŜǎΦ ό9ƭŜŎǘǊƻƴ ōŜŀƳ ǿŜƭŘƛƴƎΣ [ŀǎŜǊ 

beam welding)

CORE TECHNOLOGIES FOR ACCELERATING TUBE FABRICATION
The simulation program can provide the 

distribution of electromagnetic fields in the 
cavity, field strength, and relative changes due 
to dimensional changes can be determined. 
However, it does not have the accuracy to 
determine the absolute mechanical dimensions 
of the cavity. 

The analytical calculations and the electro-
magnetic simulation code are insufficient to 
obtain enough accuracy for the resonance 
frequency of the accelerating tube. 

Actual measurementsusing low power model 
cavities are required.
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MACHINE TOOL TECHNOLOGY

Surface roughness of cooper disk 
measured by an optical 
interferometer using a 600-nm 
wavelength monochromatic light 
source.
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DISK-LOADED PERIODIC STRUCTURE (HALF CUT)

Beam hole
˒мф~ ˒ 26

Disk load (5 mm)

35 mm

105 mm (1 ˂g)

Front view
Cutaway view of accelerating structure

Frequency f: 2856 MHz (U.S. S-band).
2 /̄3 mode: One wavelength in three cavities.
ҧ

An acceleration electric field availability is 
maximized. The most widely used for beam 
acceleration.

11 [s/mm]
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0 [Hz] 6 [Hz]
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g 0
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c 2.9989... 10
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3 3
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Easy to design and machining because it is 
an integer value in practical.
This is the reason why the 2856 MHz was 
selected.

The reason why this frequency is one of the major?
                              Ҩ

2856 MHz 
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1. Basic Components of a Linear Accelerator.
o Core Technology.
o Basics of Electron Acceleration.

2. Characteristics of the Periodic Structure.
o Dispersion curve with various beam aperture 2a and cavity diameter 2b.
o Phase synchronization with electron beam.

3. Parameters required for accelerator structure design.
o Phase shift per cell
o Shunt impedance r
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o Attenuation constant ̱
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4. Exercise on accelerator structure design
o 35 MeV, 2̄ /3 mode
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BASICS OF ELECTRON ACCELERATION
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FIG. 1-1

1-1 DC acceleration
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BASICS OF ELECTRON ACCELERATION

Imagine a rubber band string stretched over two fixed 
upper and lower hooks.

+
(- )F

e- e-

-
(+)

V0ǎƛƴ˖ǘ

Use resonanceto generate an 
even higher voltage.

e- e- e-

Start the electrons when they are just just at 
the polarity -(Left) and +(Right).

Rubber band  Ҧ

FIG. 1-2
FIG. 1-3

1.2 Electron AC Acceleration Ҍ άwŜǎƻƴŀƴŎŜέ
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BASICS OF ELECTRON ACCELERATION
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The resonance phenomenon of 
AC waves can generate further 
higher voltages.
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Start the electrons when they are just 
just at the polarity -(Left) and +(Right).
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BASICS OF ELECTRON ACCELERATION
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Ez: 0. 67MV
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Electric field V0

e- e- e-

+
(- )F

-
(+)

Magnetic field

In an actual accelerating tube, a metal cylinder is connected to two 
electrodes to confine the magnetic field energy.

Use resonanceto generate an even 
higher voltage.

e- e- e-

With only two electrodes, the energy diffuses into space, 
so the electric field strength does not increase.
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2.2: Disk-loaded structure

As shown in FIG. 2-2, loading a disk with holes at regular 
intervals inside a cylindrical waveguide allows vp to be equal 
to c, enabling electron acceleration. This structure is called a 
disk-loaded structure (hereafter referred to as an accelerator 
structure). 

When the disk period d is set to 1/3 of the structure 
wavelength ˂g (e.g., 10.5 cm for 2856 MHz), the phase 
difference between disks becomes нˉκо. Such an 
arrangement is called a нˉκо ƳƻŘŜ accelerating structure. 
Similarly, structures with disk periods of 1/2 ˂Ǝand 1/4 ˂ Ǝare 
ŎŀƭƭŜŘ ˉ ƳƻŘŜ ŀƴŘ ˉκн ƳƻŘŜΣ ǊŜǎǇŜŎǘƛǾŜƭȅΦ

2. CHARACTERISTICS OF THE PERIODIC STRUCTURE

 (Electric field)E

(Magnetic fi )
 

eld
H

( )
1

2
³E H

TEM wave 

90°

( )0E sin tw

( )0H sin tw

2.1: Free space wave

Electromagnetic waves (Free space) in FIG. 2-1, 
propagating in free space, cannot be used to accelerate 
electrons because they have no component of the electric 
field in the forward direction.

FIG. 2-1

*TEM: Transverse Electric Magnetic 

FIG. 2-2
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2. CHARACTERISTICS OF THE PERIODIC STRUCTURE
2.3: Dispersion curve of rectangular waveguide.

Let's look at electromagnetic waves from the perspective of the 
relationship between frequency˖and the ǇǊƻǇŀƎŀǘƛƻƴ Ŏƻƴǎǘŀƴǘ ʲ όҐ 2ˉκ˂Ǝ) 
(dispersion relation). First, for plane waves, since vpόҐ ˖κʲύ Ґ Ŏ, the dispersion 
relation is a straight line passing through the origin, as shown in FIG.2.3(a). 

This indicates no dispersion (the property where material constants related 
to vibration [in this case, the propagation constant] depend on frequency). In 
this case, the group velocity vg (= d̟ κŘʲύ is also equal to light speed c. 

For electromagnetic waves in a waveguide, the following equation holds:

Here k0=2ˉκ˂0ό0˂: Free wave length), kc=2ˉκ˂cόc˂: Cut wave length). From this, 
˖ ōŜŎƻƳŜǎ ŦƻƭƭƻǿǎΥ

The dispersion curve has an asymptote at ˖ Ґ Ŏϊ̡  and forms a hyperbola 
ƛƴǘŜǊǎŜŎǘƛƴƎ ǘƘŜ ˖-axis at ̟ c = c k (FIG. 2.3b). This means that vP is always 
greater than c.

2
2 2 2
0 c c2

k k k
c

w
b= - = -

FIG. 2.3

These two lines never intersect.

c̟ is called the cutoff frequency, and 
electromagnetic waves with frequencies lower 
than this cannot propagate through the 
waveguide.

(2.1)

(2.2)

(a)

(b)
2 2

cc k

c :  light speed.

w= Ö b +

01
C

01

a: radiusc
f ,        

:  2.4052 a

è øc Ö
= é ùcpÖ ê ú
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2. CHARACTERISTICS OF THE PERIODIC STRUCTURE
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Frequently used relational expressions

TE10 mode Since waveguideis one conductor, the RF 
signal propagates while being reflected.
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vP > c
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FIG. 2.4
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2. CHARACTERISTICS OF THE PERIODIC STRUCTURE
2.4 RF PROPAGATION IN ACCELERATOR STRUCTURE

For the accelerating structure, near ̡ Ґ ˉκŘΣ ˂Ǝ/2 is close to d. Thus, the 
wave reflected by each disk and that by the neighboring disk add in phase, 
resulting in slowed wave propagation. When ʲ Ґ ˉκŘ, a standing wave forms, 
and vg = 0. The slope of the dispersion curve also becomes zero. 

¢ƘŜ ŘƛǎǇŜǊǎƛƻƴ ŎǳǊǾŜ ƻŦ ŀ ǇŜǊƛƻŘƛŎ ǎǘǊǳŎǘǳǊŜ Ƙŀǎ ŀ ǇŜǊƛƻŘƛŎƛǘȅ ŀƭƻƴƎ ǘƘŜ ʲ 
axis, and the dispersion curve of an accelerating tube is as shown in FIG. 2.6. 
The slope of the line connecting a point on the dispersion curve to the origin 
gives the phase velocity v with respect to frequency at that point, and the value 
of Ř κ̟Řʲ at that point provides the group velocity vg.

FIG. 2.6

0 ˉ( j t 0)Ae w + ( j t )Ae w +p

( j t 0( j t ) )(Ae )Aew +p w ++p=

( j t ( j t 00) )A Aee + ww ++

Standing wave
d

p
b= ­

d

Operation frequency:
2856 MHz

Beam acceleration mode:
2ⱫȾ

-2  ̄          -  ̄     0      ̄              2ˉ

EAcc
e- e-

90°

vP = c

˖

( )
[m]
Acc

V[ ] [W] [ ] [m]2m
Acc KLY_out Acc

L
[V]( eV) [V /m] [ ]
Gain Acc 90

0

E P r L1 e

E E sin  dz

W- t

=

= ³ ³-

= ³ fñ

FIG. 2.5
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2. CHARACTERISTICS OF THE PERIODIC STRUCTURE
2.5 Equivalent Circuit of Accelerator structure

An accelerating tube can be considered as a series of 
cylindrical cavities with TM010 mode arranged linearly, 
coupled by electric fields through coupling holes on the 
central axis (FIG. 2.7).

The TM010 (TMr z̒)electromagnetic field components are 
represented in the coordinate system shown in FIG. 2.8. 

FIG. 2.7

n n+1n-1

y

z

x

ʻ

r

FIG. 2.8

0

The following equation expresses the electromagnetic 
field distribution of the TM010(r: 0, ̒ : 1, z: 0) mode in a 
cylindrical cavity.

2a2b

D
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0z 0 0
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E 0
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tE E J cos  

b
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tH H J sin

b

H 0

q

q

=

=

å õc Ö
w= Ö Öæ ö

ç ÷

=

å õc Ö
w=- æ ö

ç ÷

=

The electric field, magnetic 
field, and current in a figure 
illustrates the result shown in 
FIG. 2.9.
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FIG. 2.9

Cavity center
Cavity inner wall

01 :2.405c

In the TM01 mode, the cutoff wavelength ˂Cor cutoff 
frequency fC is the lowest value at which an RF wave can 
propagate without losing strength. You can calculate this 
value using the following equation.

01:2.405
C C

01:2.405 C

c2 r c
    or    f

2 r

ÖcpÖ
l = = =

c l pÖ

(2.5.1)

(2.5.2)

(2.5.3)

(2.5.4)

(2.5.5)

(5.5.6)

(2.5.7)
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2. CHARACTERISTICS OF THE PERIODIC STRUCTURE
The electric field, magnetic field, and current distributions 

in the TM010 mode of the cavity are shown in FIG. 5-10.

(a) Electric field E

(b) Magnetic field H

(c) Current flow I
Solid line: Real current
Dotted line: Image current

Fleming's right-hand rule

2b

2b

2b

FIG. 2.10

z

x

ʻ

r

FIG. 2.8

0

The following equation expresses the electromagnetic 
field distribution of the TM010(r: 0, ̒ : 1, z: 0) mode in a 
cylindrical cavity.
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The electric field, magnetic 
field, and current in a figure 
illustrates the result shown in 
FIG. 5.9.
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Applying Froquet'stheorem,

Substituting equation 2.6.2 into equation 5.6.1 and solving for 
˖ ƎƛǾŜǎΥ

2. CHARACTERISTICS OF THE PERIODIC STRUCTURE
2.6 Equivalent Circuit of Accelerator structure

An accelerating tube can be considered as a series of 
cylindrical cavities with TM010 mode arranged linearly, coupled 
by electric fields through coupling holes on the central axis 
(FIG. 2.11).

The equivalent circuit is as shown in FIG. 5.12 (assuming 
the cavity is lossless). 

Applying Kirchhoff's law to the current flowing through the 
nth cell yields the following equation:

FIG. 2.11

n n+1n-12a2b

D

FIG. 2.12

n-1 n 1
n

CC C

2 1I I
j L I 0

j C j Cj C j C
+å õ

+ + w- + Ö - =æ öw ww wç ÷

[Froquet'stheorem]
¢ƘŜ ǿŀǾŜ ŦǳƴŎǘƛƻƴ ŀǘ ŀƴȅ Ǉƻƛƴǘ όŦƻǊ ŜȄŀƳǇƭŜΣ όȄΣ ȅΣ Ȋѕύύ ǿƛǘƘƛƴ ŀ 

cell (of length d) of the periodic structure is identical to the wave 
ŦǳƴŎǘƛƻƴ ŀǘ ŀ ŎƻǊǊŜǎǇƻƴŘƛƴƎ Ǉƻƛƴǘ όȄΣ ȅΣ Ȋѕ Ҍ Řύ ƛƴ ŀƴȅ ƻǘƘŜǊ ŎŜƭƭΣ 
except for the propagation factor e-ʴŘ(where ɹ is generally complex). 
For example, in the case of the electric field,

( ) ( )d

1 1
E e Ex,y,z d x,y,z

-g= Ö+

(2.6.1)

(2.6.2)

(2.6.3)
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If you plot the EQ. 2.6.6, we get the frequency dispersion 
relationship shown in FIG. 2-13. The bandwidth fBWof the 
acceleration structure is,

Usually, the C/CC value for accelerating structures is much less 
than 1. For instance, it is 0.067for the S-band at KEK. So, EQ. 
2.6.4can be rewritten as follows.

For example, the dispersion frequency from the 0 mode to the 
ˉ ƳƻŘŜ in an accelerating structure operating at 2856 MHz in 
the 2ˉκ3 mode with C/Cc = 0.067 can be calculated as follows.

2. CHARACTERISTICS OF THE PERIODIC STRUCTURE

Known value

Rearrange the above formula to calculate f0.

ҥvp = c
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2. CHARACTERISTICS OF THE PERIODIC STRUCTURE
2.7 Phase velocity vp,n

The phase velocity vp,n in the nth mode is given by the 
following equation.

When n=0, vp,0=c. For n=-1, +1, ..., vp,-1=-c/2, vp,+1= c/4, ..., 
and vp,n=(±1)c/(3n+1).

o ²ƘŜƴ л Җ ƴΥ tƻǎƛǘƛǾŜ ǿŀǾŜ όƻǊ ŦƻǊǿŀǊŘ ǿŀǾŜύ
o When n < 0: Negative (or backward wave)
o ²ƘŜƴ ʲ5 Ґ л ƻǊ ˉΣ ǾƎ Ґ лΣ ǎƻ ǎǘŀƴŘƛƴƎ ǿŀǾŜǎ ŦƻǊƳ ƛƴǎǘŜŀŘ 

of traveling waves. 
o The group velocity takes the same value for all n.

FIG. 2.14

Operation frequency:
ex) 2856 MHz

Beam acceleration mode:
2ⱫȾ

-2  ̄              -  ̄       0       ̄         2ˉ

EAcc
e- e-

90°

vP = c

(̟2 f̄)

8

[m/s]
p 3 10

v c
³

=

g2 nb= p l

(2.7.1)pn

n
0

v
2 n

D

w w
= =

pb b +

( )
[m]
Acc

V[ ] [W] [ ] [m]2m
Acc KLY_out Acc

L
[V]( eV) [V/m] [ ]
Gain Acc 90

0

E P r L1 e

E E sin  dz

W- t

=

= ³ ³-

= ³ fñ

LAcc



Jan/05/2026FEL_Shc@NSRRC

hiroshi.matsumoto@kek.jp

2. CHARACTERISTICS OF THE PERIODIC STRUCTURE
The electromagnetic field in the accelerating tube is 

periodic and can be expanded as a Fourier series. The axial 
component of the electric field on the central axis, Ez(r, z), can 
be expressed as follows.

The wave number with n = 0is called the fundamental 
wave, while waves with n = ±1, ±2, ±3, ... are called higher 
harmonic waves. ̡0 is the propagation constant of the 
fundamental wave. 

In an electron linac accelerating structure, 0̡Ґнˉκо5 is 
often chosen because the shunt impedance becomes highest 
around m=3when ̡ 0ŘҐнˉκƳ, as can be seen in FIG. 2.15. The 
following equation gives the phase velocity of the нˉκо ƳƻŘŜ. 
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o A higher shunt impedance reduces the input RF power required to 
achieve the same accelerating electric field gradient.

o The absolute value of RShdepends on the cavity geometry, so the 
values in the above figure are not absolute. KEK'sS-BAND (2856 MHz 
Ϫ нˉκоύ ǳǎŜŘ ~55 aʍ.
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2. CHARACTERISTICS OF THE PERIODIC STRUCTURE
{ƴŀǇǎƘƻǘǎ ŜǾŜǊȅ мκу ŎȅŎƭŜΣ нˉκо ƳƻŘŜΣ ǎǇŀǘƛŀƭ ƘŀǊƳƻƴƛŎǎΥ ƴҐлΣ -1, 

t = 1/ 8 T t = 2/ 8 T t = 3/ 8 T

t = 4/ 8 T t = 5/ 8 T t = 6/ 8 T t = 7/ 8 Tt = 7/8 T

n = 0, -1, +1

Fundamental (n=0)

n=-1
n=+1

o Only the fundamental wave (n=0) synchronizes in phase with the electron beam.
o The other higher harmonics (n = -1, n = +1) are out of phase, so they do not contribute to accelerating the electrons.

t = 0  &  t = 7/ 8 T

n=0
e-
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The phase shift for each cell (or cavity) with resonant 
ŦǊŜǉǳŜƴŎȅ ˖ ό2ˉŦύ Ŏŀƴ ōŜ ŘŜǎŎǊƛōŜŘ ōȅ ǘƘŜ ŦƻƭƭƻǿƛƴƎ ŜǉǳŀǘƛƻƴΦ

ʲ ƛǎ ǘƘŜ ǇǊƻǇŀƎŀǘƛƻƴ Ŏƻƴǎǘŀƴǘ ƻŦ ǘƘŜ ŜƭŜŎǘǊƛŎ ŦƛŜƭŘ ŀƭƻƴƎ ǘƘŜ 
beam axis (z-axis), ˂ g is the wavelength in the accelerator 
structure, and D is the length of one cell (cavity) (or disk 
spacing). 

When an accelerating tube with a resonant frequency of 
2856 MHz ( 0˂ =105 mm = ˂ g) is set to a disk distance D = 35 
mm, the change in phase per cell is ˒ Ґ 2ˉκ3 [radians] from 
the above formula.

The operation mode of the acceleration tube, such as 2ˉκ3 
mode, refers to the phase shift per cavity.

3. PARAMETERS REQUIRED FOR ACCELERATOR STRUCTURE DESIGN
Operation frequency: 2856 MHz. ҥ The frequency adopted by 
SLAC for the 20-GeV 2-mile linear accelerator in the early 
1960s.

The dimensional range used in the actual accelerating 
structure.
o 2a [mm]: Beam hole @S-band: ˒ 20mm ~ 26mm

o 2b mm]: Cavity inner diameter @S-band: ˒ 82mm ~ 83mm

o t [mm: Disk thickness: 5mm@KEK, 6.35mm@SLAC
o D [mm]: 1 cell length@2ˉκ3 mode: 35.000mm@2856MHz

o                                                                33.333mm,@2999MHz

Why not a frequency lower or higher than ~3000 MHz?

11 [s/mm]
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g 0
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3. PARAMETERS REQUIRED FOR ACCELERATOR STRUCTURE DESIGN
3.2 Cold model cavities with various 2a and 2b 

To obtain the basic data of the cavity, it was used four 1˂Ǝ 
(3 cells) cold model cavities, which have different dimensions 

(2a and 2b) at the same resonant frequency of 2856 MHz as 
in Table 1. 

Model 2a [˒ mm] 2b [˒ mm] D [mm] t [mm]

#1 19.893 81.812

35.0 ± 1 µm 5.0 ± 1 µm
#2 22.255 82.310

#3 24.049 82.746

#4 25.534 83.143

TABLE 3-1: Physical dimensions of low power 
cavities.

A loading disk sickness t and its distance D are 5 mm and 35 
mm respectively. At first, we used a SUPERFISHsimulation cord 
to find out each dimension for four cold models and do an rf 
measuring to obtain the basic data such as the dispersion 
curve, a group velocity vg, a quality factor Q, and shunt 
impedance r. 

1) Dispersion curve: resonant frequency (0 to )̄ Ҧ d κ̟ŘʲҐvg
2) Quality factor Q.
3) Shunt impedance r. 

ҥ@vp=c

Resonant frequency for each mode (0 to )̄

OUT

6 Cell cavity

FIG. 3-2

FIG. 3-3



Jan/05/2026FEL_Shc@NSRRC

hiroshi.matsumoto@kek.jp

3. PARAMETERS REQUIRED FOR ACCELERATOR STRUCTURE DESIGN
3.3 DISPERSION CURVE WITH 6 CAVITIES 

2856 MHz @vp=c Ҧ

2 /̄3 mode

ώʲ5ϐ

A microwave propagation speed vgcorresponds to a 
tangential slope at an operation mode in the dispersion curve 
of the periodic structure. 

A vg becomes small in proportion to the beam aperture 2a
of the accelerating tube, and the dispersion curve disappears 
at 2a=0and becomes a single mode such as TM01 (Horizontal 
dotted line in the figure). 

3.4 GROUP VELOCITYvg

g

d
v

d

w
« =

b

vp = c

2856 MHz

ʲ

TM01

FIG. 3-4

FIG. 3-5

( )0

C

1 2

Solid line: Least squares fitting und

C
1 2       (2.6.4)1 cos

C

f m

er above

m cos

D

w=w Ö + - q

= - Ö q

q=bÖ

Measurement values in Table 3-1.
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3. PARAMETERS REQUIRED FOR ACCELERATOR STRUCTURE DESIGN
3.5 2a-Vgcurve

The group velocity, vg, in the accelerating structure 
depends on the 2a dimension. It can be estimated with the 
following expression, which is based on an approximate 
dispersion curve of FIG. 3.4

Thus, the group velocity for the 2ˉκ3 mode is expressed 
by the following equation.

From the above equation, the normalized group velocity 
vg/c is given by the following equation.

(3.5.1)

(3.5.2)

( )

1 2

g 2

f m m cos

D

d d df2 f
v 2 D 2 D m sin

d dd
D

= - Ö q

q=b

w p
= = = pÖ Ö = pÖ Ö Ö q

qb qå õ
æ ö
ç ÷

(3.5.3)

g@2 3 2 2

3
v 2 D m 3 D m

2
p = pÖ Ö Ö = ÖpÖ Ö (3.5.4)

g@2 3g 2
vv 3 D m

c c c

p Ö Ö
= = (3.5.5)

Frequency : 2856 MHz
@2ˉκ3

Usual range

FIG. 3-6

( )0

C

C
1 2 1 cos

C
w=w Ö + - qLeast squares fitting

Second-order polynomial fitting of the 2ˉκ3 mode 
measurement values for FIG. 3.4.
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3. PARAMETERS REQUIRED FOR ACCELERATOR STRUCTURE DESIGN

Group
vg/c Frequency @Vp = c  [MHz]

Measurement Simulation Measurement Simulation

#1 0.0087 0.0096 2856.290 2859.369

#2 0.0130 0.0135 2856.293 2859.821

#3 0.0170 0.0177 2856.365 2860.359

#4 0.0208 0.0215 2856.371 2859.955

TABLE 3-2: Comparison of measurement and simulation.

Sufficient accuracy.

Frequency accuracy requirement: ±100 KHz
o Model cavity measurements: < ±50 kHz
o Simulation: ±500 KHz

3.6 Comparison of Measurements and Simulation Results

The following table shows the Vg and cavity resonance 
frequency (@Vp=c) obtained from the data measured in the 
low-power model cavity and from the data obtained from the 
electromagnetic field analysis program.
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3. PARAMETERS REQUIRED FOR ACCELERATOR STRUCTURE DESIGN
3.7 CAVITY QUALITY FACTOR Q

A definition of quality factor Q is the ratio of stored energy 
U in a cavity and a wall current loss Wper rf cycle is expressed 
as the following equation;

[̟Hz] (= 2 f̄): Angular frequency.
U[J]: Stored energy in the cavity.
W[W]: microwave power loss per rf cycle.

Here W is a microwave power loss per unit length per rf 
cycle in the cavity inner wall. The spherical body shape cavity 
provides the maximum Q.

The actual hardware uses high-quality copper material 
machined into smooth surfaces to reduce unwanted 
microwave energy loss in the cavity.
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e
r 

tr
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n
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si

o
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 T
(̟)

Frequency

6 Cell cavity

Transmission method 

( )0 1 2

f
Q 1

f
= Ö +b +b
D

1̡ 2̡

Here, ̡ 1 and ̡ 2 are the coupling coefficients between the 
respective antennas and the cavity. The true resonant 
frequency of the cavity is ̡1 = 2̡ =0. In actual measurements, 
ǘƘŜ ŎƻǳǇƭƛƴƎ ŎƻŜŦŦƛŎƛŜƴǘǎ ŀǊŜ ǎŜǘ ǘƻ ǾŀƭǳŜǎ ŎƭƻǎŜ ǘƻ ȊŜǊƻ ǘƻ 
reduce errors.

Resonant frequency

( )10 2

f
Q 1

f
Ö +b+

D
b=

0.5
ɲf

14,000 
U

Q (@2856 MHz  )
W

=wÖ (3.7.1)

FIG. 3-7

FIG. 3-8
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Increasing the number of cavities reduces endplate and 
antenna effects, both of which contribute to the 
underestimation of the Q-factor in low-power measurements. 
In practice, 6 to 9 cavities are typically used in this 
configuration.

The Transmission Method measures the change in RF 
signal amplitude, or Q curve, as the signal passes through the 
cavity. This method utilizes the cavity excitation antenna and 
detection antenna illustrated in FIG. 3-7. 

The relationship between Q0 (Unloaded Q) and QL (Loaded 
Q) is

A signal source, such as a network analyzer, maintains a 
constant RF output level. By sweeping the frequency, the 
signal passing through the cavity reveals the Q curve 
characteristic of that cavity.

POUTis the power delivered to a load  and PIN is the maximum 
power available from the generator (to a matched load).

3. PARAMETERS REQUIRED FOR ACCELERATOR STRUCTURE DESIGN
²ƘŜǊŜ ʵ ƛǎ ǘƘŜ ŦǊŜǉǳŜƴŎȅ ǘǳƴƛƴƎ ǇŀǊŀƳŜǘŜǊΣ ǿƘƛŎƘ ǎŀǘƛǎŦƛŜǎ ǘƘŜ 
following relationship.

!ǘ ǘƘŜ ǊŜǎƻƴŀƴǘ ǎǘŀǘŜ ōŜŎƻƳŜǎ ˖ Ґ ˖єΣ ŀƴŘ ǘƘŜƴ ʵ Ґ л ŀƴŘ Eq. 
3.7.3becomes

Dividing Eq. 3.7.3 by Eq. 3.7.5, and using Eq. 3.7.2,

Half-power (at 0.5 in FIG. 3-8) points of transmission occur 
when

The quantity of ɲŦis known as half-power bandwidth of 
resonance curve and given by 

( )0 L 1 2
Q Q 1= +b +b ()
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2 2
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1 4 Q

w
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+ Ö Öd

1 2
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Since the coupling coefficient is zero, 
it is practically impossible to measure.

(3.7.2)
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3. PARAMETERS REQUIRED FOR ACCELERATOR STRUCTURE DESIGN

( )0 0 1 21 2

f f
Q  Q  @ 01

f f
= ­ = b =b =+b +b
D D

Since the coupling coefficient ̡1 = ̡ 2 = 0, it is practically 
impossible to measure. Because the coupling coefficient is 
zero, direct measurement is challenging.
Consequently, the half-width of the Q curve (ɲŦ) is measured 
as a function of antenna length (see figure below) to 
determine QL. The resulting QL curve is extrapolated to 
estimate the Q value at ̡1 = ̡ 2 = 0, corresponding to Q0.

ҨMeasurement limit due to small Pout

Group
Q value

Measurement Simulation

#1 13,900 13,960

#2 13,900 13,980

#3 13,900 14,000

#4 14,000 14,020

(3.7.9)

FIG. 3-9

FIG. 3-10

TABLE 3-3: Comparison of measurement and simulation.
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3.8 SHUNT IMPEDANCE Rsh[Ҡ/m]

Shunt impedance is an element to fix an electric field 
gradient along a beam axis driven by microwave power is 
defined as follows;

Here, E0 is a dominant accelerating gradient along the beam 
axis, and dP/ dz is the microwave power loss per unit length.

We may imagine that a shunt impedance Rsh is a series 
resistance in a circuit, and the voltage across its terminals 
corresponds to an electric field between a pair of loading disks 
in the accelerating structure.

3. PARAMETERS REQUIRED FOR ACCELERATOR STRUCTURE DESIGN

2 2
0 0

sh

E E
R

W dP dz
¹ =

i
v R ( )i R

E

= ³ =

=
C           L      R C           L      R 

3.9 MEASUREMENT SHUNT IMPEDANCE Rsh

Here, the shunt impedance is measured by applying a 
small perturbationto the target cavity and measuring the 
resulting change in its resonant frequency. Figure 8.1 shows 
the setup. (ҥRef. SLATER'sάt9w¢¦w.!¢Lhb ¢I9hw9aέ)

20~26mm 82~83mm

Varying the projection length

Micrometer head

3~5mm

(3.8.1)

FIG. 3-11

FIG. 3-12
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The shunt impedance R can be calculated using the 
following equation. In the measurement cavity, the cavity 
power loss (2W) is the total of the forward wave and the 
reflected wave.

Since the cavity length D, which is the integration length 
for Ez, is constant, R/Q can be written as follows.

The quantity E2/U can be determined experimentally by 
placing a perturbing object of volume ɲ̱ into the cavity and 
measuring the change in resonant frequency. 

3. PARAMETERS REQUIRED FOR ACCELERATOR STRUCTURE DESIGN

ɲLmm

ɲfKHz

The general definitions of Q as follows.

2855.7

Energy stored in the cavity
Q

Energy lost per cycle

Energy stored in the cavity U

Energy lost per second W

¹

w
=wÖ =

( ) ( ) ( )

( )

2 2
2

z z

2D

z
0

E  dz E  dzElectric field
R

dPPower loss 2W
dz

E  dzR

Q 2 U

¹ = =

=
w

ñ ñ

ñ

2 2
ZR D E

Q 2 U
= Ö
w

ҥMeasure resonance frequency.

(3.9.2)

(3.9.3)

(3.9.4)

(3.9.1)

FIG. 3-13
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3. PARAMETERS REQUIRED FOR ACCELERATOR STRUCTURE DESIGN
For the case under discussion, H = 0, and the desired 

relation is obtained from ά{ƭŀǘŜǊ tŜǊǘǳǊōŀǘƛƻƴ ¢ƘŜƻǊŜƳέ. It is

where ɲ i̱s the volume of the perturbing object. Combining ʵ
and R/Qgives

In MKS unit, мκ˖ʁ˂= 60. Hence,

Thus, the ratio R/Q can be determined by finding the change 
in the resonant wavelength ɲ c˂aused by the perturbing 
object of volume ɲ.̱ The value k represents the geometrical 
factor of the perturber. For spheres or short rods with small 
diameters, k is usually equal to 1.

2k E

4U

e Dt
d=-

2 2R 2D f 2D

Q k f k

D Dl
=- Ö =- Ö
we Dt wel Dt

2R 120
D

Q k

Dl
= Ö Ö

Dt

Group
Shunt impedance [Ҡ/m]

Measurement Simulation

#1 55.0 55.9

#2 56.0 58.0

#3 58.0 60.5

#4 60 62.3

(3.9.5)

(3.9.6)

(3.9.7)

Usual range

Frequency : 2856 MHz
@2ˉκ3

FIG. 3-14

TABLE 3-4: Comparison of measurement and simulation.

Measurement values of Table 3-1. 
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Definition of Energy
The energy density in an electromagnetic field is defined 

as the sum of the electric and magnetic field components.
Energy density due to the electric field and magnetic field is as 
follows.

The total energy U of the entire cavity is defined as the 
volume integral of these quantities.

Characteristics of a Cavity Resonator (Equal Distribution)
In an ideal (lossless) resonant cavity, energy is exchanged 

oscillatory between the electric and magnetic fields. However, 
the time-averaged energy in the steady state (resonance state) 
is equally distributed between the electric and magnetic field 
components.

Ref: SLATER'sάPERTURBATION THEOREMέ
The relationship between the change in cavity volume due 

to the small perturberand the cavity resonant frequency 
follows SLATER'sάPerturbation theoremέ.

where Ř i̱s an element of the volume of the perturbing 
object, and dv is an element of volume in the cavity. The 
constant k depends on the shape of the perturbing object, 
with k = 1.

The numerator represents integration over the volume of 
the perturbing object; the denominator is equal to twice the 
average energy stored in the cavity U. Thus,

If the perturbation is small. ̟ = ̟ 0, ɻ = (̟ - 0̟)/ 0̟ and 
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Ref: SLATER'sάt9w¢¦w.!¢Lhb ¢I9hw9aέ
That is, the following relationship holds:

Thus, the total energy U can be expressed as twice the energy 
of either component.

In Slater's perturbation theorem, the denominator represents 
the total energy originally stored in the unperturbed vacuum.

The contents of these brackets correspond to twice the energy 
density mentioned above (the coefficient 1/2 is missing). This 
is because we are summing the time-averaged energy, not the 
peak energy.

2 2

V V

1 1
U H dV E Average Energy of E and H

2 2
= m = e =ñ ñ

( )

( )

U = 2 ×  Average Energy of Electric Field

= 2 × Average Energy of Magnetic Field

( )2 2

V
Denominator dvH E= m +eñ

Standard definition: 

Alternative Definition: 

Under above definition, the denominator term represents 
total energy, equal to 4Uelectric rather than 2Utotal under the 
standard definition.

totalU (electric field energy) (magnetic field energy)

= 2 (either one, E or H)

= +

³

electric electricU (electric field energy) 4 U= = Ö

total electricDenominator 2U 4U= =

(6)

(8)

(9)

(10)

(11)
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3.10 ATTENUATION CONSTANT ˍ
5ŜŦƛƴƛǘƛƻƴ ƻŦ ǘƘŜ ŘŀƳǇƛƴƎ Ŏƻƴǎǘŀƴǘ ˍ ŦƻǊ ǘƘŜ ŀŎŎŜƭŜǊŀǘƛƴƎ 

structure.

The decay rate hper unit length of the accelerating structure 
is described by the following equation.

Solving for Power P,

P0 is the RF power at the accelerating structure input (z=0). 
IŜǊŜΣ ǘƘŜ ŀǘǘŜƴǳŀǘƛƻƴ ǊŀǘŜ ʰ ŘŜŦƛƴŜǎ ǘƘŜ ŀǘǘŜƴǳŀǘƛƻƴ Ŏƻƴǎǘŀƴǘ 
ˍ ŀǎ ŦƻƭƭƻǿǎΦ

3. PARAMETERS REQUIRED FOR ACCELERATOR STRUCTURE DESIGN

Acceleration column LACC

PIN POUT [ ]
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n
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: 0.57

IN
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L    neper/m

2 P

P
exp -2 0.32 (32 )
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= t =
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0
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(z) dz L

(L: Accelerator structure length)

t¹ a =aÖñ

The following rules apply to voltage (E) and power (P).

The electric field strength along the axis of the accelerator 
structure decreases exponentially with increasing distance. In 
this context, h represents the inverse distance at which the 
electric field drops to 1/e of its original value.
In many accelerating tubes, hόȊύis adjusted to keep the unit 
power consumption, dP/ dz, constant. These are called 
Constant Gradient (CG) accelerating structure. If the power at 
the structure end (z = L) is called PL, then

0

0

E E exp( z)

P P exp( 2 z)

= Ö -a

= Ö - a

( ) ( ){ }2
0 00 L

2
L 0

z z
P P P 1P P 1 e

L L

P P e

- t

- t

= - Ö = Ö- Ö- -

= Ö

Period: 35mm (@2̄ /3, g˂: 105mm)

(3.10.1)

(3.10.2)

(3.10.3)

(3.10.4)

(3.10.5)

(3.10.6)

FIG. 3-15
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3. PARAMETERS REQUIRED FOR ACCELERATOR STRUCTURE DESIGN
3.11 ELECTRIC FIELD GRADIENT PER UNIT LENGTH V

The energy gain of the accelerating tube is given by the 
relationship between Q and vg:

To find h for a constant impedance (CI) accelerator structure, 
substitute Eq. (3.10.2) into Eq. (3.10.1) and solve for E.

From equations (3.10.1) and (3.10.2),

0
g

zE E exp
2 v Q

wå õ
- Ö= Ö æ öÖ Öç ÷

g

g
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dP P
  

dz v Q

and    

  
2v Q
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dP W dz
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Ö
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=-w = =- aæ öæ ö

ç ÷

2
0

sh0 sh

E dP
R ,  2 PE 2 P R ,    dP dz

dz

å õ
= =- a= ÖaÖ Öæ ö

æ ö
ç ÷

Substitute Eq. (3.11.3) into Eq. (3.11.2), then integrate 
with respect to z. The energy gain for an electron at a phase 
ŀƴƎƭŜ ʻ ŦǊƻƳ ǘƘŜ ŎǊŜǎǘ ƻŦ ǘƘŜ ǎƛƴŜ ǿŀǾŜ ƛǎΥ

For a Constant-Gradient (CG) accelerator tube, use 
equation (3.10.6):

From equations (3.8.1) and (3.11.15),

( )2
0PdP 1 e

dz L

- t-
=-

( )2
0 shP R1 e

E
L

- tÖ Ö-
=

(3.11.1)

(3.11.2)

(3.11.2)

(3.11.3)

(3.11.14)

(3.11.15)

(3.11.16)

(3.11.17)

( )

( ) ( )

L

0

0

0 sh

V E dz

1 e
E L sin  or cos

2 P R L
sin  1 e or cos

-t

-t

=

-
= Ö Ö Ö qq

t

Ö Ö Ö
= Ö Ö q- q

t

ñ



Jan/05/2026FEL_Shc@NSRRC

hiroshi.matsumoto@kek.jp

3. PARAMETERS REQUIRED FOR ACCELERATOR STRUCTURE DESIGN
Integration of equation (3.11.17) with respect to z yields 

the energy gain for a constant gradient (CG) accelerating tube.

(3.11.18)( )2
0 shV P R L sin  (or cos )1 e- t= Ö Ö Ö Ö q q-
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3. PARAMETERS REQUIRED FOR ACCELERATOR STRUCTURE DESIGN
3.12 FILLING TIME t f

The filling time of an RF pulse is the interval from the 
leading edge entering the input coupler to the leading edge 
exiting the output coupler. When the trailing edge reaches the 
inlet as the leading edge exits the outlet, the accelerating 
structure is fully filled with RF, and electrons should pass 
through at that moment. 

For constant-impedance accelerating tubes, where 2a and 
the group velocity vg are constant, the filling time equals the 
tube length L divided by vg.

ex) tf: ~0.9 ˃ s 
ҧ Input
coupler

ҧ Output
coupler

RF pulse

e-

In a constant-gradient accelerator structure, the group 
velocity can be found using the following equation, as shown 
in (3.11.1), (3.11.15), and (3.10.6).

Using the equation above, the RF power filling time (tf ) for the 
accelerating structure can be calculated as follows.

The equation above shows that the RF power filling time 
(tf ) for the acceleration tube is the same as for a constant-
impedance (C.I.) accelerating structure.
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The filling time does not depend on the 
physical length of the accelerating structure.

@ :̱ 0.57,Q: 14000, f: 2856 MHz
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(3.12.2)

(3.12.3)

f

g

g

L
t

v

dP P

dz Q

2 Q

v

= =
Ö Öt

wÖå
=
Ö

w

õ
æ ö
ç ÷

ҧEq. 3.11.1 ҧEq. 3.11.15 ҧEq. 3.10.6

FIG. 3-16
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1. Basic Components of a Linear Accelerator.
o Core Technology.
o Basics of Electron Acceleration.

2. Characteristics of the Periodic Structure.
o Dispersion curve with various beam aperture 2a and cavity diameter 2b.
o Phase synchronization with electron beam.

3. Parameters required for accelerator structure design.
o Phase shift per cell
o Shunt impedance r
o Q value Q
o Attenuation constant ̱
o Filling time tF
o Energy gain EG

4. Exercise on accelerator structure design
o 35 MeV, 2856 MHz and 2̄/3 mode
o Cavity dimension tolerance and frequency and phase sensitivity
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4. EXERCISE ON ACCELERATOR STRUCTURE DESIGN

1. Beam specification
o Beam energy Egain (35 Mev)
o Beam current Ibeam(100 mA)
In most cases, it is determined only by the wants of physics.

2. RF source
o Klystron power PKLY[W]

o Upper limit: 20 MW
In many cases, compromises are made due to budget limitations.

3. Accelerating tube
o Frequency f (2856 MHz)
o Ez field along axis

o Constant gradient C.G.
o Constant impedance C.I.

o Phase shift per cell (2 /̄3 )
o Acceleration gradient Eacc(max. 20 MV/m)
o Length Lacc(max. 3 m)
Sometimes the designer's tastes make it a bit of a maniac work of art.

Given

Given

Given

KLY

PIN POUT

Accelerating tube Eacc

Ie

z=0 z=Lacc

Lacc

z

( )

OUT

IN

OUT

IN

1 P
Ln        (1)

2 P

P
exp 2       (2)      

P

å õ
t¹- Öæ ö

ç ÷

= - t

The length of the acceleration column (Lacc) is 
determined by ̱ is a quantity representing the rate of 
energy consumed in the acceleration tube and is 
defined by Eq. 1 

Rewrite

4.1 Design general flow.

Determined by ̱ and PKLY

POUT > Beam loading power

FIG. 4-3
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4. EXERCISE ON ACCELERATOR STRUCTURE DESIGN
4.2 ACCELERATOR TUBE LENGTH Lacc

The length of the accelerating tube is determined by the ˍ
which is a quantity that expresses the ratio of energy 
consumed in the accelerating tube and is defined as shown in 
the figure on the right. In a constant gradient accelerating 
tube, the electric field Ez(z) is constant, so vg is a function of 
the accelerating tube length "z" and is expressed as follows.

LACC: Accelerator column length [m]
vg: group velocity
Q: quality factor of accelerator column
c: light speed, 2.9989 x 108 [m/sec]
ɤ: 2ˉŦ όŦΥ ƻǇŜǊŀǘƛƻƴ ŦǊŜǉǳŜƴŎȅύ
ˍΥ !ǘǘŜƴǳŀǘƛƻƴ ǇŀǊŀƳŜǘŜǊ ώƴŜǇŜǊκƳϐ

( ) -2
g ACC_END

ACC -2

v z L Q c 1 e
L [m]

e

t

t

= ³ ³å õ-
= ³æ ö

w ç ÷

[m]  47.2
e

e1

1028562

c000,12)L(@ 0058.0
L

0.572-

0.57-2

6

END_ACC

ACC =öö
÷

õ
ææ
ç

å-
³

³³p

³³
=

³

³

[example] vg: 0.0058 (at LACCend), Q: 12,000, ̱ Υ 0.57

()
( )-2

ACC ACC
g -2

z
1 1 e

L L
v z

Q 1 e

t

t

å õ
- - ³æ öw³

= ³æ ö
-æ ö

æ ö
ç ÷

The value of vg(z) for which the 
accelerating electric field Ez is 
constant regardless of the position 
of the accelerating tube (z). 

Acceleration column LACC

PIN POUT

( )OUT

IN

P
exp -2

P
= t

FIG. 4-1

[ ]OUT
n

OUT

1 P
L    neper/m

2 P

å õ
t¹- ³æ ö

ç ÷

:̱ Attention parameter [neper/m]

Range of vg used in 
S-BAND accelerator 
column

Upper limit column length

FIG. 4-2

(4.1.1)

(4.1.2)
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EBeam: 35 MeV, ̱: 0.57

Upper limit

ҥ1.75 m

ҧ18.7 MW

ҧ10.9 MW

Ҩ11.7 MV/m

4. EXERCISE ON ACCELERATOR STRUCTURE DESIGN

LACC[m] EACC[MV/m] PKLY[MW]

1.75 20.0 18.7

2.0 17.5 16.4

2.5 14.0 13.1

3.0 11.7 10.9

EBeam: 35 MeV, IBEAMΥ л Ƴ!Σ ˍΥ лΦрт

The energy gain in the presence of beam loading is given by the 
following equation. In the case of C. G. accelerator column

-2
BEAM

GAIN ACC ACC ACC -2

I r 2 e
E [eV] E L cos  - L 1

2 1 e

t

t

å õ³ t³
= ³ ³ q ³ ³ -æ ö

-ç ÷

LACC[m] EBEAM-LOADING[MV] PKLY-WITH-BEAM  [MW]

1.75 2.2 21.1

2.0 2.6 18.9

2.5 3.2 15.6

3.0 3.8 13.5

EBeam: 35 MeV, IBEAM: 100 Ƴ!Σ ˍΥ 0.57

[ ] ( )

[ ]( )
( ) ( )

[ ]( )

V m -2 IN
ACC

ACC

2

W ACC ACC ACC
KLY IN 6 -2 ( 0.57

P [W] r[ m]
E 1 e

L [m]

E [V m] L [m] 35 MeV E [V m]
P P

55 10  m 1 e

t

³t =

³ W
= - ³

³ =
= =

³ W ³ -

Seems good Ҧ

Ҩ20 MV/m

=̱~0.57 is often used to reduce 
AC power consumption

( ) -2
g ACC_END

ACC -2

v z L Q c 1 e
L [m]

e

t

t

= ³ ³å õ-
= ³æ ö

w ç ÷

LACC: Accelerator column length [m]
vg: group velocity
Q: quality factor of accelerator column
c: light speed, 2.9989 x 108 [m/sec]
ɤ: 2ˉŦ όŦΥ ƻǇŜǊŀǘƛƻƴ ŦǊŜǉǳŜƴŎȅύ

(3)

(4)

(5)

(6)

ACC LENGTH LACC[mm]

4.3 Accelerating gradient EACC and Klystron rf output power PKLY
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DISK HOLE 2a & SHUNT IMPEDANCE Rsh

Usual range

Frequency : 2856 MHz
@2ˉκ3

FIG. 3-14

Measurement values of Table 3-1. 
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Determine group velocity vg(z) to provide Ez(z) constant

()
( )-2

ACC ACC
g -2

z
1 1 e

L L
v z  

Q 1 e

t

t

å õ
- - ³æ öw³

= ³æ ö
-æ ö

æ ö
ç ÷

LACC: Accelerator column length [m]
vg: group velocity
Q: 14,000, quality factor of accelerator column
c: light speed, 2.9989 x 108 [m/sec]
ɤ: 2ˉŦ όŦΥ нурс aIȊΣ ƻǇŜǊŀǘƛƻƴ ŦǊŜǉǳŜƴŎȅύ
ˍΥ лΦртΣ !ǘǘŜƴǳŀǘƛƻƴ ǇŀǊŀƳŜǘŜǊ ώƴŜǇŜǊκƳϐ

z AXIS Ҧ

:̱ 0.57

e-­

t

D1 g˂ (2 /̄3 mode)

Cutaway view of accelerating structure

35 mm105 mm

In a case of Constant Gradient Ez field



Jan/05/ 2026FEL_Shc@NSRRC

hiroshi.matsumoto@kek.jp

NUMERICAL FUNCTION APPROXIMATION (2a - vg/c & 2a - 2b)

2a 2b

D: 35mm

Frequency: 2856MHz

2ˉκ3 mode
Phase velocity vp = c

vg/c ς2a 2a ς2b 

Frequency : 2856MHz

2ˉκо ƳƻŘŜ

z

()
( )-2

ACC ACC
g -2

z
1 1 e

L L
v z  

Q 1 e

t

t

å õ
- - ³æ öw³

= ³æ ö
-æ ö

æ ö
ç ÷

ҥSecond-order Polynomial Fit

ҧSecond-order
     Polynomial Fit

Second-ƻǊŘŜǊ ǇƻƭȅƴƻƳƛŀƭ ŦƛǘǘƛƴƎ ƻŦ ǘƘŜ нˉκо ƳƻŘŜ ƳŜŀǎǳǊŜƳŜƴǘ ǾŀƭǳŜǎ ŦƻǊ CLDΦ оΦпΦ
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Determine cavity 2b dimension

2b1 2b2

D: 35

2

2b2b
2b 21

AVE.

+
=

FIG. 3-1

Bidirectional water channel

2a 2bAVE.

D: 353. Physical Dimensions of cavity

[mm]  105 
[Hz] 102856

mm/sec][109989.2

f

c

3

2
@  [mm]    35

3

105

3
D

6

11

0

0

=
³

³
==l

p
==

l
=

3 cavities/˂ 0

1 wave length (˂0)
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4.4 Cavity dimension tolerance and Frequency change
A change in the cavityΩs inner diameter (spacer) dimension, 

labeled as 2b, causes a frequency shift equal to the resonance 
frequency of the TM010 single-element cavity. This relationship 
is shown in the following equation.

Differentiating the Eq. (4.4.1) with the inner diameter (2b) 
results in the frequency variation.

4. EXERCISE ON ACCELERATOR STRUCTURE DESIGN

( ) ( )

( ) ( )

2 2
[Hz] 01

mns

01 0

2

c c 2.405s
f

2L2b 2b

TM :  n 0, m 1, s 0

: 2.405: The first root of the Bessel function (J )

f c 2.405

2b 2b

cå õå õ
= + = Öæ öæ ö

pp ç ÷ç ÷

= = =

c

D
=- Ö

D p

z

x

ʻ

r

0 J 0
(

)̝,
 J 1

(
)̝

x

J0

J1

The first root 
(fundamental wave) of 
the Bessel function J0.

FIG. 2.9

Cavity center
Cavity inner wall

01 :2.405c

FIG. 2.8

TM010

Example:
For a frequency of 2856 MHz, 2b = 80 mm andɲόнōύ Ґ м 

m˃.  From Eq. 4.4.2

The frequency accuracy of the accelerating tube used in 
fundamental science is within ±50 kHz.

(4.4.1)

(4.4.2)

(4.4.3)( )

( )

( )

2

8 [m/s] 6 [m]

2

[kHz

3 [m

]

]

c 2.405 2b
f

2b

3 10 2.405 1 10

80 10

35.884... 3( )6 

-

-

Ö D
D = Ö

p

³ ³ ³
= ³

p ³

=
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4. EXERCISE ON ACCELERATOR STRUCTURE DESIGN
4.5 Frequency sensitivity to cavity temperature change

The linear expansion of the single cavity diameter (2b) is 
described by the following equation.

Example:
o Temperature change: 1 ꜛ/Φ

When the temperature of a single cavity changes by 1°C, 
2b changes by 1.3 ˃ Ƴaccording to Eq. 4.5.1. From this, the 
frequency change with temperature is given by the following 
values from Eqs. 4.4.3 and 4.5.2.

( )( )( )

( )
( )

[ ][ ]

6

2b 2b 1 TT

:  16.7 10 , Linear expansion coefficient

2b
2b

T

¯¯

-

= ³+a

a ³

D
= Öa

D

(4.5.1)

(4.5.2)

( )

( )
[k[k Hzz] ]H

f c 2.405

T 2b

c 2.405
f T

2b

47.9 8 )44 (

D
=- Ö Öa

D p

D =- Ö ÖaÖD
p

=-

For basic science, the 
temperature of the accelerator 
structure is usually controlled 
within ±0.1°C.

4.6 Phase sensitivity to cavity temperature change
The phase change ɲ w̒hen the cavity temperature 

changes by ɲ¢°Cis given by vg = Ř κ̟Řʲ,

Because the accelerator structure operates in the нˉκо ƳƻŘŜ, 
z = ˂ Ǝ/3 . Therefore,

By substituting Eqs. 4.4.3 and 4.5.2into Eq. 4.5.4, the 
resulting equation is obtained.

g

g

g

: for 2 /3 g : 2856 MHz

g

df
v

1
d

2 zdf
2 z                    

d

2 c f 1

T n( 3) v f T

2 1 f (2b) 1
v3 (2b) T f

c

p

=
å õ
æ ölç ÷

pÖè ø
q== pÖ Ö é ùlq ê ú

Dq p D
= Ö Ö Ö

D = D

p D D
= Ö Ö Ö Ö

D D

(4.5.3)

(4.5.4)

g

[ / C] [ / C] [ C] [ ]
@vg: 0.01 @3m

2 1 c 2.405 1

T 3 (v c) (2b) f

0.2         0.2 0.1 1.786 2¯ ¯ ¯ ¯ ¯ ¯

Dq p
=- Ö Ö Ö ÖaÖ

D p

=- ³° ³ =°

(4.5.5)
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ACC STRUCTURE TEMP. CHANGE AND ENERGY GAIN/LOSS

E@90ꜛ ±мΦтнꜛ

E@45ꜛ ±1.72ꜛ

( )
( )

( )
( )

[V]

0 @90 4@90 1.72

[V]
0 @90 0 @90

[V]

0 @45 2@45 1.72

[V]
0 @45 0 @45

E E sin90 1.72
1 4.51 10  ( 0.045%)

E E sin90

E E sin45 1.72
1 3.05 10  ( 3.05%)

E E sin45

¯

¯ ¯

¯
¯ -°

¯
¯ ¯

¯
¯ -°

¯
¯ ¯

Ö ° ¯
= - =° ³ °

Ö

Ö ° ¯
= - =° ³ °

Ö

ҨBeam energy gain/loss is small.

ҨBeam energy gain/loss is large.

1 ˂ g (105mm), 2856 MHz

ɲT[ꜛ/] = ±0.1ώꜛ/ϐ
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Thank you for your participation
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