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Introduction of plasma physics 

Laser wakefield accelerator (LWFA)

Relativistic optics

• X-ray imaging
• Free electron laser

Application



Conventional 
accelerators

• Accelerating fields of 10s
MV/m due to material 
breakdown

• Colossus infrastructure

• CERN: $8 billion to 
construct and $1 billion 
pro year to maintain



Limitations of Classical RF accelerators:
1 TeV electron 

30 km linear accelerator



Fermi’s Ultimate Accelerator
• To get PeV proton
• Preliminary design...8000 km, 20,000 

gauss, 1600 km above the surface of earth
• “What we can learn impossible to 

guess...main element surprise...some 
things look for but see others...Look for 
multiple 
production...antinucleons...strange 
particles...puzzle of long lifetimes...large 
angular momentum?...double formation? 
(now called associated production) At 
present more probable...”

• Cost (in 1954):  170 B$  (LHC: 8 B$ in 2010 )
• Estimated completion date: 1994

Orear, Jay. Enrico Fermi - The Master Scientist. 2004





Classical RF accelerators v.s. plasma

Maxim

In pla

al accelerating fields due to breakdown:

Emax=20MV/m

10-30km long accelerators to generate TeV

expensive

smas there is no breakdown !  much higher 

accelerating fields in
plasma density oscillations – plasma waves  
E=100GV/m - 1TV/m 103-104 x higher fields

than in RF acceler



Physics Today 62, 3, 44 
(2009); https://doi.org/10.1063/1.3099645



What kind of laser are we talking about?

Very short (~fs)
Very strong 

https://doi.org/10.1016/j.chemphys.2018.08.004

Total power of sun on earth: 1.73 × 10ଵ଻ W
1.73 × 10ଵ଻ W 
𝜋 × 25 𝜇𝑚 ଶ

~8.8 × 10ଶଵ  
𝑊

𝑐𝑚ଶ



Introduction: What happens to the matter when 
the E field intensity increases?



NCU 100TW 
Laser 

System

thirdsecondfirstbeam line

200 mJ450 mJ3.3 Jpulse energy

870–920 nm805 nm810 nmcentral wavelength

35 nm34 nm35 nmbandwidth 
(FWHM)

38 fs34 fs30 fsduration (FWHM)

5 TW13 TW110 TWpeak power

2.6%1.8%1.1%energy fluctuation

1.31.11.2focusability (M2)

72%81%77%enclosed energy

4.7 μrad4.8 μrad4.5 μradpointing 
fluctuation

2 × 10-92 × 10-94 × 10-10temporal contrast 
at -100 ps



ELI-NP

230J, 23 fs



Vulcan OPCPA



What is plasma?

• Composition: i0nized gas, ion and free electron

• Plasma is electrically conducting

• Weak coupling between pairs of particles, but strong collective interactions:

• Debye shielding 

• electron plasma oscillations

• Hierarchy of length scales, expressed in terms of fundamental plasma parameter

Λ ≡
ସగ

ଷ
𝜆஽

ଷ𝑛= # of particles in a Debye sphere

• Dispersive for electromagnetic wave

Critical density 𝑛௖௥௜௧:  𝜔௣ = 𝜔଴
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Ionization by laser

Journal of Laser Applications 25, 012006 
(2013)
DOI: 10.5772/65637

Keldysh parameter:

𝛾 =
2𝑚𝐸௜௢௡

𝑒𝐸௅
𝜔ൗ



Generation of Wakefield

Ponderomotive force: 

Resonant Excitation:

Laser energy Plasma Wave

Plasma Wave Electrons

Quiver motion: 

𝑐𝜏௣௨௟௦௘ ≈
𝜆௣

2
=

𝜋𝑐

𝜔௣
~

1.7 × 10ଵ଴

𝑛௘



1D description, linear and non-linear plasma waves
𝒂𝟎 = 𝟎. 𝟓 𝒂𝟎 = 𝟏

𝒂𝟎 = 𝟐 𝒂𝟎 = 𝟒



Single electron plasma (ncrit =1021 cm-3 @800nm )

• In plasma, laser interaction generates additional

• E-fields (due to the separation of electrons from ions)

• B-fields (due to laser-driven electron currents)

• They are quasi-stationary and of the same order as laser fields:

 𝐸௅ ≈ 3 × 10ଵଶ  V m⁄ ȉ 𝑎଴

 𝐵௅ ≈ 10଼ Gauss ȉ 𝑎଴

• Plasma is governed by collective oscillatory electron motion

Strength of Wakefield



Wakefield excitation
Laser field (vector potential a)

1. The ponderomotive force (gradient of laser 
intensity) pushes electrons away from axis and 
generates a charge separation between ions and 
electrons

2. The restoring force initiates a local density
oscillation with frequency 𝜔௣ = 4𝜋𝑒ଶ𝑛଴/𝑚௘

ଵ/ଶ

𝑣௚ = 𝑐 1 − 𝜔௣
ଶ/𝜔௅

ଶ ଵ/ଶ

𝜕ଶ

𝜕𝜉ଶ
+ 𝑘௣

ଶ
𝛿𝑛

𝑛଴
= 𝛻ଶ

𝑎ଶ(𝜉)

2

Plasma wave
forced density oscillation

𝜉 = 𝑧 − 𝑐𝑡𝒂𝟐 ≪ 𝟏

Ponderomotive Force

𝑭௣ = −𝑚𝑐ଶ𝜵 𝑎ଶ/2

1-D linear approximation

Type equation here.plasma density

Particle beam field

𝜕ଶ

𝜕𝜉ଶ
+ 𝑘௣

ଶ
𝛿𝑛

𝑛଴
= −𝑘௣

ଶ 𝑛௕

𝑛଴

1-D linear approximation 𝒏𝒃 𝒏𝟎⁄ ≪ 𝟏

Space charge force

𝑤𝑎𝑣𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑘௣ = 𝜔௣ 𝑐⁄

𝑛௕ 𝑛଴ = 1 4⁄⁄

beam
driver

plasma density

𝑘௣𝜉 = 𝑘௣ 𝑧 − 𝑐𝑡

𝑎଴ = 1

laser
driver

𝑘௣𝜉 = 𝑘௣ 𝑧 − 𝑐𝑡

plasma density

𝑘௣𝑟

𝑣𝑒𝑐𝑡𝑜𝑟  𝑝𝑜𝑡𝑒𝑛𝑡𝑖𝑎𝑙 𝑎଴ =
𝑒𝐴

𝑚𝑐
= 0.854 𝐼଴ ଵ଴భఴ ௐ ௖௠మ⁄ ⋅ 𝜆 ఓ௠

T. Tajima & J.M. Dawson,
Phys. Rev. Letter 43, 267 (1979)



3D non-linear regime (bubble regime)

𝑎଴ = 4

plasma density

ion
cavity

 Ponderomotive forces of laser larger than space 
charge restoring force of the ions

All electrons of the plasma are expelled
 ionic cavity  linear fields

driver =
laser

𝑛௕ 𝑛଴ = 4⁄

plasma density

ion
cavity

driver =
e-beam



 Accelerating field
assumption: in linear regime, all electrons oscillate at p

 for  1018 cm-3  E0  100 GV/m
 Accelerating gradients several orders of magnitude 

larger than conventional RF cavities

Characteristic scales of LWFA 

E

𝐸଴ = 𝑚଴𝑐𝜔௣ 𝑒⁄ ≈ 𝟗𝟔 𝑮𝑽/𝒎 ȉ 𝑛଴ (ଵ଴భఴ௖௠షయ)

𝜆௣ ≈ 𝟑𝟑 µ𝒎 / 𝑛଴ (ଵ଴భఴ௖௠షయ)

 Plasma wavelength

 for  1018 cm-3 p  30 µm
 LWFA produce ultrashort bunches

Quasi-linear regime a0=0.5



Useable phase range (accelerating & focusing)
Quasi linear regime a01

laser pulse

e+ e-

 Quasi linear regime
quasi-symmetric ranges of 
useable phases

density

axial field
Ez

radial field
Er

Non linear regime a0  4

density

accelerating field

focusing field

laser pulse

e+ e-

 Bubble regime
very asymmetric regions
 focusing for e-
 defocusing for e+

 Ideas for e+ focusing
 Combine multiple laser modes
 Use of orbital angular

momentum lasers (OAM)
to drive doughnut wakefields

Hollow e- bunch

Hollow bubble

J. Vieira and J.T. Mendonça, PRL 112, 215001 (2014)



Injection in Wakefield

External Injection Wavebreaking Wave breaks at first 
oscillation. No plasma waveSelf-injection



Bubble acceleration principle
Characteristics:

• High efficiency (~20%)

• Quasi-monoenergetic electron spectrum (E/E ~ as low as 0.2 %)

• Low normalized emittance (few mm•mrad)

• Large accelerating fields (100GV/m – 1TV/m)

• Very short acceleration distance (100µm – 1mm)

Requirements:

• Relativistic laser intensities 1018-1019 W/cm2

C.G.R. Geddes et al.,  
Nature 431, 538, (2004)

S.P.D. Mangles et al.,  
Nature 431, 535, (2004)

J. Faure et al.,
Nature 431, 541, (2004)



Energy gain limitations
 Laser Diffraction  Rayleigh range

● Controlled by relativistic self-guiding,
pre-formed plasma channel, capillary guiding…

 Beam – plasma wave Dephasing (𝑣௣ < 𝑣௘ି)

● Controlled by density tapering

𝐿௠௔௫ ∝  𝑛଴
ିଷ/ଶ

𝑛଴ ↗ ⇒ 𝜆௣ ↘ 

 Laser energy Depletion

● Laser energy deposition into wave excitation

𝐿ௗ௘௣௟௘௧௘ ∝ 𝜆௣
ଷ 𝜆௅

ଶ ∝  𝑛଴
ିଷ/ଶ

ൗ

 Accelerating Gradient

 Energy Gain

 Laser peak power

𝐺~𝐸଴ = 𝑚𝑐𝜔௣ 𝑒⁄ ∝ 𝑛଴

𝑾 = 𝑮 × 𝑳𝒂𝒄𝒄 ∝ 𝟏 𝒏𝟎⁄

𝑷𝒍𝒂𝒔𝒆𝒓 ∝ 𝟏 𝒏𝟎⁄

To increase the energy gain in a plasma module
Decrease the density and increase the laser power
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Injection mechanisms
• Injector is of prime importance

• Determines the performances of the overall accelerator :
charge, energy spread, emittance

• Better to decouple the injection mechanism from the 
acceleration mechanism
• Indivudual adjustment of parameters, stability, control

• External injection
• Fine definition of beams delivered by conventional photo-injectors

• Issues: to achieve an ultra-short bunch < p/4 10m (30 fs)
possible solution : longer bunch injection, further self-compressed and 
accelerated in the plasma wakefield, but limited to low charges (1-2 pC)

• Synchronization between laser and injected beam

• Internal injection
• Various mechanisms more or less complex to implement

• Issues: to achieve high charge > 100 pC, and low energy spread
 the trapping of e- by the plasma wave should be highly localized



1. Self-injection (so-called bubble or blow 
out regime): needs strong wakefield to trap 
the cold plasma e-

Injection mechanisms

S. Bulanov et al., PRE 58, R5257 (1998)
C.G.R. Geddes et al., PRL 100, 215004 (2008)

He gasElectrons

Ions Intense laser pulse
Gas nozzle

• On-axis or off-axis injection
• Non-linear regime
• Self-guiding
 Uneasy to control

Vph  Vg cold e- of plasma



2. Counterpropagating Pulses
• Excite plasma wave below the self-injection threshold
• Counter-propagating injection pulse: to generate a 

beating with main pulse  triggers the injection

Injection mechanisms

Faure et al, Nature  444 (2006)



Injection mechanisms
3. Ionization-induced injection
• Ionization of inner shells of high Z atom (N,Kr,Ar) 

at the peak intensity of the laser pulse
• e- injected at the proper phase for trapping

and acceleration to high energies
• Potential for high charge > 100 pC but high 

E_spread



4. Downramp injection

Injection mechanisms

● soft gradient Lgrad >> p
 slows down the plasma wave

A.J. Gonsalves et al, Nature Physics (2011)

● sharp density ramp Lgrad  p
 Increase of the bubble size

places e- at the right phase
 Localize injection  reduce E spread

movable blade

Pure He
E = 256,5 MeV
E/E = 6%
Q = 3.2 pC



Phys. Rev. Lett. 110, 185006 (2013)
Phys. Rev  ST- Acc and beams 13,091201 
(2010)

Principle of shock-front injection

Shock wave



Improved electron spectra

Electron Energy (MeV)
25 15 10 25 15 10

Electron Energy (MeV)

Self-injection Controlled injection
Comparing the two good runs with  
injection by transverse wave-breaking  
and by sharp density transition

Self-injection Sharp density transition

Peak energy 25.1 8.0 MeV

8.5 % (RMS)

27.6 3.9 MeV

2.6 % (RMS)Mean energy  
spread

Peak charge

Divergence

Pointing

3.8 3.8 pC

11.0 2.9 mrad

3.8 mrad (RMS)

2.9 1.9 pC

11.0 1.7 mrad

3.8 mrad (RMS)



Properties of Shock-front Injection



Comparison of injection mechanism by NCU 
100TW laser system

Electron density (cm-3)Injection method

2.0 × 10ଵ଼ (neutral)Ionization injection (N2)

8.5 × 10ଵ଼ − 1.0 × 10ଵଽSelf-injection (He)

3.7 × 10ଵ଼Shock-front injection (He)

Consecutive shots

Due to PID 
oscillation  

~20 pC



GeV: channeling over cm-scale
• Increasing beam energy requires increased dephasing length and power:

Capillary W[GeV] ~ I[W/cm2] n[cm-3]

3 cm

1 GeV

e- beam

Laser:40-100 TW,
40 fs 10 Hz

• Scalings indicate cm-scale channel at ~ 1018 cm-3 and ~50 TW laser forGeV

• Laser heated plasma channel formation is inefficient at low density

• Use capillary plasma channels for cm-scale, low density plasma channels

Plasma channel technology: Capillary



0.5 GeV Beam Generation

Stable operation
500 MeV Mono-
energetic beams:

a0 ~ 0.75 (11 TW,75 fs)

Peak energy: 490 MeV  
Divergence(rms): 1.6 mrad  
Energy spread (rms): 5.6%  
Resolution: 1.1%
Charge: ~50 pC

a0

225 m diameter and 33 mm length capillary

Density: 3.2-3.8x1018/cm3

Laser: 950(15%) mJ/pulse (compression scan)  

Injection threshold: a0 ~ 0.65 (~9TW, 105fs)  

Less injection at higher power

- Relativistic effects

- Self-modulation



L=3.3 cm, =312 m
Laser

1.5 J, 38 TW,  
40 fs, a = 1.5

Plasma filled capillary  

Density: 4x1018/cm3

Divergence(rms): 2.0 mrad
Energy spread (rms): 2.5%
Charge: > 30.0 pC

1 GeV electrons

Published online: 24 September 2006; 
doi:10.1038/nphys418 G



1.0 GeV Beam Generation

312 m diameter and 33 mm length capillary
Laser: 1500(15%) mJ/pulse

Density: 4x1018/cm3

Injection threshold: a0 ~ 1.35 (~35TW, 38fs)
Less injection at higher power  

Relativistic effect, self-modulation

1 GeV beam: a0 ~ 1.46 (40 TW, 37 fs)

Peak energy: 1000 MeV  
Divergence(rms): 2.0 mrad  
Energy spread (rms): 2.5%  
Resolution: 2.4%
Charge: > 30.0 pC

Less stable  
operation

Laser power fluctuation, discharge timing, pointing stability



Multi-GeV Beam Generation

0.85 PW



• Index of refraction:

• Critical density:

• Criteria of overdense (𝑛௘ > 𝑁௖) and underdense (𝑛௘ < 𝑁௖) plasmas
• Index of refraction in plasma is smaller than 1 !

𝑛𝑅 < 1

• No problem with relativity!

• Group velocity (
డఠ

డ௞
):                    𝑣௚ = 𝑐𝑛ோ

௖
௘

ଶ

ଶ
௖

ଶଵ ିଷ

ఓ௠
ଶ

𝜔
𝑘ൗ = 𝑐

𝑛ோൗ

𝑛ோ = 1 −
𝜔௣

ଶ

𝜔ଶ
= 1 −

𝑁௘

𝑁௖

Propagation of non-relativistic laser 
light in plasma

𝜔௣ =
4𝜋𝑁௘𝑒ଶ

𝑚௘

2  2  c2k 2



Relativistic non-linear optics

Self-focusing: vph= c/nR Profile steepening: vg = cnR

𝑅 =

௣
ଶ

ଶ

𝜔௣
ଶ = 4𝜋𝑒ଶ𝑛௘ 𝑚 𝛾⁄

𝛾 = 1 1 −
𝑣ଶ

𝑐ଶൗ

ଶ
௣

ଶ ଶ ଶ



Propagation of non-relativistic laser light  in 
inhomogeneous plasma𝑁𝑒

x

• Reflection from the critical density (by perpendicular incidence)

• No significant penetration into the overdense region (just evanescent wave)
• Reflection from lower densities (𝑁𝑐𝑐𝑜𝑠2𝛼) by oblique incidence (𝛼)

𝑁𝑐

0

0A(r, t)  Re{A ei (k r t )}
  

𝜔
𝑘ൗ = 𝑐

𝑛ோൗ



Relativistic non-linear optics

𝑅 =

௣
ଶ

ଶ

Induced transparency:

𝑁𝑒

𝑥

𝑁𝑐

0

𝜔௣
ଶ = 4𝜋𝑒ଶ𝑛௘ 𝑚 𝛾⁄

𝛾 = 1 1 −
𝑣ଶ

𝑐ଶൗ

ଶ
௣

ଶ ଶ ଶ



Plasma channels and electron beams observed
C. Gahn et al. PRL 83, 4772 (1999)

laser

6×1019 W/cm2

observed channel

electron spectrumplasma 1- 4 × 1020 cm-3



Application: Laser-driven X-ray sources

• K line radiation from laser produced plasma

• Bremsstrahlung from accelerated particles

• Transverse betatron oscillation of electrons in the
„Bubble“

• Undulator, Table Top - Free Electron Laser

drive laser

gas jet

electron bunch

X-ray beam
micro-undulator



K line radiation and Bremsstrahlung

K radiation

• Line emission  monochromatic

• Incoherent

• Duration can be few 100 fs

• 1-10 keV photon energy

e-

e-

e-

Bremsstrahlung

• Broad spectrum

• Incoherent

• Intensive

• ~ Z2 Z :atomic number



• Application of bright X-Rays:

• Small angle X-ray scattering

• Phase Contrast Imaging

• Ultrafast science

• Biomolecular Imaging

• Requirements: 
• High energy (10-160 keV)

• Spatial coherent X-Ray beams 

• Small emittance 

X-ray absorption 
radiography image

X-ray phase 
contrast image

Imaging



• Synchrotron radiation emitted from accelerated charged particles can 
produce very intense radiation at X-ray frequencies

• The last decades, vast increase in the use of synchrony radiation for photon 
science.  Some uses: material sciences; life sciences; earth sciences.

Radiation from ultra-relativistic 
electrons: forward direction.

Synchrotron radiation light source

NSRRC, 
Taiwan



Introduction of Betatron Radiation

SCALING LAWS

• Betatron frequency: 
• Transverse momentum:
• Divergence: 
• Critical photon energy:
• Efficiency: 

• Wavelength:  
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2 3/2
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       
  
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Scientific Reports volume 9, Article number: 7796 (2019)

Nature Communications volume 6, Article number: 7568 (2015)



Free Electron Laser

Nature volume 595, pages516–520 (2021)


