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Outlines

1. Spontaneous emission — Compton
scattering/Thompson scattering/undulator
radiation

2. Stimulated emission — wave/particle energy
exchange — laser gain

3. Requirements for FEL Oscillator: buildup time,
energy spread, emittance, saturation power,
etc.



Low gain — free-electron Laser Oscillator
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%ﬁ

wiggler magnets

N

S

Laser output

mirror

Undulator/wiggler

Self-amplified Spontaneous emission (SASE) FEL

Electron beam

Particle accelerator

seeding

/?VMN

S

electron

S

E

wiggler magnets

Laser output

o )



Parameters in Relativistic Mechanics 555:
= 1 ::.
v —
— Lorentz factor 7 = ®
O —r
Moving particle where [ =Vv/c, with ¢ = speed of light in vacuum.

Electron mass m = ym,, m, = electron rest mass

Electron momentum:p = my = ym,v

Total electron energy: ym,c’ = \/mgc“ + p’c?, myc? = electron rest energy ~ 0.5 MeV

In laboratory frame: length L
In electron frame: length L/y <~ Lorentz contraction

In the relativistic regime f=v/c ~<1

Y= : >>1:>i~1+ 12:>,B~1— :

1- 3 p 2y 2y
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Photon-electron Energy Exchange in Free Space
requirements: energy conversation & momentum conservation

Energy (E)
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Photon cone

E= \/m§c4 +p’c?

Photon absorption

Electron Energy:

Photon Energy:

E = pc

m,. electron rest mass
c: light speed in vacuum

Momentum (P)

Energy-momentum diagram of Compton Scattering

Photon-electron energy exchange 1s prohibited in a vacuum

unless a third particle exists or 1s created



Compton Scattering cecse
eo00
o0
O
}\,'
,\/\/\J;attered photon
N Electron ~ (3rd particle)

photon \

A: wavelength

h: Planck’s constant A

e electron rest mass Compton Effect A'—A =——(1—cos6)
c: vacuum wave speed m.c

p: momentum 0

Scattered electron



Thomson Back Scattering: eseo
Compton scattering with electron energy loss much less than the photon energy ::.
o
Backward .
scattered photon [ "Ter wavelength

VZ
H Colliding Laser photon with wavelength 2,
electron ﬂri radiation wavelength C
1+ 1+ .1+ @
DoubIeDoppIershiftﬁ:ﬁ\/ ’BZ-\/ 'BZ:fex 1+p. — A = 5
o -5 V1I-5. V1-5. 4y

Radiation frequency in the lab
fe' : Doppler shifted laser frequency seen by electron

Given A = 800 nm (Ti:sapphire laser), y~y, = 45 (23 MeV beam), 4. = 1 A (hard x-ray!)
1
1-p:

where ,BZ =V, /c ’

Longitudinal Lorentz factor 7. =




Undulator Radiation -8
In laboratory frame EE:.
o
Py 32 8
N S N S N S
b .

Magnetic field

wiggler magnets ﬂ/

In electron rest frame, the electron sees 1/
a “wave” with fields: Virtual photon é"( w! V2

E'=yfxB,B =B g



Spontaneous Undulator Radiation 0ecs

Electron Rest Frame

H A, /Y. Virtual photon

electron
Lorentz contraction
VAVAVAVAVAVAVYSS /
Electron oscillation frequency ., 1 A, / 7.
in the electron frame f=T) = N
Laboratory Frame » &  JA\\VVW\» >
! 1 XJW
Doppler Shift  f = f A=A |—-1|= >
p. 2y;

For A, —1cm, 100 MeV(y, ~200), = A =125 nm

“Cheap” long-wavelength virtual photon = expensive short-wavelength photon



Spontaneous Undulator Radiation -4

= T
T = r , Lr = Nwﬂ'r | b
- | N, number of undulator periods| ¢

7 L, slippage distance
. 7. radiation pulse length
: —-—'—-oar: resonant radiation frequency

Spectral-energy Lineshape Function

o {
e’ xrect[—]

Radiation Spectrum (Undulator with N, periods)

Lemma

=
o
T

1 for|f<1/2

Rectangular function: rect[t] ={ .
0 otherwise

, sin(w/2 :
Fourier Transform{rect[t]} = sin(@/2) _ sinc( f) o4
02r
So,
FOUFIer Transform {eia)rt XreCt[i]} 8.99 EIE::BE D.E::Qil EI.E:BB EI.E:BE! 1I 1.E:EIE 1.E:D4 1.E:EIE 1.E:EIE| 1.07
T

@/ o,

Spectral energy [C:;Wj oc {sinc[2N (/@ —1)/ 7]}
@ /i

. sin[2N (o/w, —1)]
2N (w/ . —1)



Effect of Magnetic field on e~ Quiver Motion cecs
o000
o0
A general assumption: a relativistic beam y >>1 °
Assume a planar/linear wiggler with a wiggler field of B = )A/\/EBMS sink, z
o _dp . & S T
Begin with the Lorentz force equation —— = ey x B . where p = }m,V
dt
—Al2ca —+/2ca .
V.= \/7 w COS(kWZ) — \/7 w COS(kWVZt) Wiggler wavenumber
4 / k =210,
2
9 ) Clw C
V, =4V =V, ®v——>—c08(2k,z)
2y
2 \ eB
a C - rms
_ w where a, =
=v——5—cos(2k v, 1) myck.
2y B "

Wiggler parameter



figure-8 motion o000

In the Electron Rest Frame
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Dipole radiation pattern in
the electron rest frame
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Dipole radiation pattern
in the laboratory frame

(y>>1)




00
Undulator Radiation Wavelength SE E o
| X )

Because

1 1 A
and A ~—2

yZEw/l—,Bzz :\/1—\/22/02 | 27/22

— : _I—I—aw where a , =0.093B_ (kgauss)x A (cm)

2 2 rms
V- V is called the wiggler/ undulaotor parameter
1+ a . .
— 1 = ﬁ, (FEL synchronism condition)

2y°

Undulator radiation wavelength can be tuned by magnetic field B, wiggler
period 4, and electron energy y 13



A Free-electron Laser Oscillator

mirror
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0000
Pulse Structure of a RF Linac-driven FEL Oscillator | geee
| X )
micropulses °

A\\ RF period Tge
(_A_\

macropulse macropulse macropulse

.
Taking SLAC S-band RF as an example: «— N—>
1. RF frequency = 2.856 GHz J.k __,/g\/,k ®
2. Micropulse length ~ 10 ps _

3. Macropulse length: 1-5 us 2LJc=mTge

4. Macropulse repetition rate: 10-100 Hz )

* Macropulse length > laser buildup time
Oscillation condition: Eoe-f'cﬁegmLc—Z“Lc =E,

gilL.: 1-way threshold gain, 2oL roundtrip loss, ¢ = roundtrip phase

(1) Threshold condition: gain = loss &, =2 (2) Phase condition: ¢ =2mrx "



Electron-Wave Energy Exchange
dK
dt
Wave Amplification AW = jﬁ'-?dt :ej'

=ev-E K electron kinetic energy

E-vdt <0

:L/V//

Particle Acceleration AW =el E-vdt>0

T:L/V//

Transverse Coupling AW = eJ‘
(Eg. Compton/Thomson/undulator r=L/
radiation etc.)

(Eg. Smith-Purcell radiator,

E, -v,dt

V)

Longitudinal Coupling AW _eJ’ E v.dt
= iV
T:L/V//

Traveling wave tube, backward-wave
oscillator etc.)
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Resonant Interaction between Electron and Field -3
( X X X
To have FEL gain ool
o
AW =e 5)7 dt <0| L, is the length of the wiggler
~2¢,a,
For E_=FE,cos(wt—kvit+¢@) and v, = cos(k v.t)

E-V cos{[k—(k+k )[. lct+ ¢} +cos{[k—(k—k, )B.]ct+ ¢}

¥:.pondermotive phase

Whether E-v > 0 (radiation) or E -V <0 (particle acceleration) depends on ¢

To have appreciable value in E;/ﬁ dt
=L, /v,

1+ a’
k_(k+kw)ﬂz:() |:> /1: o 2W W
Y

k—(k _kW)IBZ =0 :> :Bz =V, /CO > | Impossible in vacuum 17

The FEL synchronism condition




Undulator Light Amplification -4

Light amplification e02°°

jﬁ-d§<00rj\7-ﬁdt>0 o

B
e 2 N

Aol 242,12 Awl2

C Vz

light slips one wavelength
ahead per wiggler period

U




Pendulum Equation cece

The pondermotive (beat) phase v =(k+k, )z — ot

was previously found from the beam-wave energy coupling equation

dK —evE = ec,a E,
dt \/57/

Take first derivative of y with respect to z and use the FEL synchronism
condition to obtain

cos{wt —(k+k, )z(t)+ ¢}

d — A
_l)” — 2kw 7/ 7/r — 2kw 7/
dz 7, Y,
where v, is the resonant particle energy satisfying the synchronism condition

1+a’ 2
A=A, CZW or szkl_l_czw
27’” 27r

19



A second derivative to the beat phase with respect to z gives the :::.
o000
pendulum equation ::o
d’ , °
y "2” = —k; sin
Z

2
where k;:{ € }\/EBMSE _ 27 L., synchrotron oscillation

y,.myC, Co L wavelength

W

dzl// Recall the harmonic oscillator equation
For a small V¥, —~ Ky )

dz v d"x 2

1 =—Wy X
!
E};ring

Particles oscillate, drift in the - Eg;_i.li::?::m
pondermotive phase . xl ka

http://hyperphysics.phy-
astr.gsu.edu/hbase/oscda.html



000
- ; 0000
_ : frictionless pivot oo
pendulum equation 000
! o0
amplitude | bt
; 't \ massless rod
d !
2 .
~ gzy =—k, siny
Z
bob's©~._ _ .i. _
trajectory “TS7 T massive bob
equilibrium

position http://en.wikipedia.org/wiki/Pendulum
With the definition of k,,, the phase diagram can be plot from

1 W
WY _ 12 =2k, bede [T
dz Y2k, Joosy g 7, . SN
(fﬂ“:’}nmt-*/ ER

The bucket height = 4 k,, and the )
maximum energy extraction occurs Avs —» o K_/ -

at half synchrotron wavelength: FEL < g "ﬂ':.:""' P .
length is ~L, /2 L T w

a 0 ;T
Ay !
The maximum energy efficiency for an FEL = (] =1/(2N,)



FEL Buildup Time 1g

micropulses

) T
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< | g N | g
macropulse macropulse
™™

Roundtrip net gain

/

/—%

Saturation power
A

r I

TB

RF period Tge

macropulse

AT

2L /c=mTge

<

1
Pbx

\ 2N,

Beam power

Px[ (eL, 2aL)] ,\ o

\

Spontaneous radiation power

[ﬂ) =1/(2N,)
7/’” max

# of roundtrips

cropulse length > laser bundup time

> 7T

v B
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FEL Gain |G=

74

To have gain

t=L,/v,

For Ex = Eo cos(a)t — kat + ¢) and Vv, =

—

AW =e E’ v dt <0| Ly isthe length of the wiggler

— \/ECCZ

*-cos(k, v.t)

whether E-v >0 (radiation) or E-v <0 (particle acceleration) depends on ¢

*Gain is small for short wavelength
FEL

0.10

S 0.05
L
*Electron injection energy has to be c
detuned from synchronism S o
-

L] - L] L] - L] m
*Gain is proportional to injection L
current ~0.05

Ay 1
-Energy spread can’t exceed 7< 2N, o0
where N,, is the number of wiggler '

period

St mul'lated photon
enissjon

Photon ¥=26
absorption /
-15.0 -71.5 0 75

15.¢



o000
Energy Spread Requirement e
O
Refer to the FEL gain curve, for an electron to contribute its
energy to the FEL gain, the acceptance phase width has to be
confined to 2 or
_ L )
AY =o—-(k+k .1 =2r=|—-(k+k,)IL,| =2x
Z Imax vZ max
0.10 -—
_‘.S 0.05 i
A A 1 =
d—WL =2k, 2L L | <27 =[P < i° o g
Y, V.| 2N, e ' ~
5 2m [+
3’ =005 -
L
where N,, is the number of undulator periods L

-0.10

-15.0 -7.5

0

4

7.5

15.¢

So, the energy spread of the electron beam for an FEL has to be less than 1/(2N,,)

24



Emittance Requirement for an FEL

A Gaussian Laser Beam ,
W,

Rayleighrange z , =

Far-field diffraction angle = ~—

The phase space (angle and beam

size) area is o, ~ A
An Electron Beam

The phase space area is the
beam’s geometric emittance ¢

To place an electron beam
Inside an optical beam

<A

Therefore long-wavelength FEL is
more forgiving to e-beam quality

X!

08~

Area = emittance ¢

25



FEL Gain Bandwidth oo

The spectral bandwidth is defined by the variation of the spectral ratio
‘A/l Aw

A 0]
within the half width of the gain curve

AY =|Q7 :[a)—(k+kw)\72]_£ <

Y

z

) l+a,
From the FEL synchronism condition 4 =A,, ——", it is straightforward to show

‘MzzA_
A /4

However the maximum allowed Ay/y < 1/(2N,,) is obtained from the full width. For a

half width
‘A_ﬁ_zA_ L1 [
A 4

<2 X—={——

ON. 2 RN

26



Characteristics of a Free-electron Laser

1. Laser: a coherent light source

2. Wavelength tunable:

by varying the magnetic field and the electron energy

3. High peak power: GW-MW 1n 0.1~ 10 psec micropulse

4. High average power: kW 1n > ~ usec macropulse

General Requirements for Building an FEL

Gain > loss

In particular
1. Electron energy spread Ay/y < 1/2N_,
11. Electron emittance € < A

27
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